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ABSTRACT
B e c k e r ,  P a u l  K . ,  M .S . ,  A u g u s t  1983  P h y s i c s
T i m e - I n d e p e n d e n t  S o l u t i o n s  t o  t h e  F i e l d - N o y e s  M odel o f  t h e  
D i f f u s i n g  B e l o u s o v - Z h a b o t i n s k i i  R e a c t i o n  0.18 p p . )
D i r e c t o r s :  R i c h a r d  J .  H a y d e n ^  R i c h a r d  J .  F i e l d
T h e  B e l o u s o v - Z h a b o t i n s k i i  (BZ) r e a c t i o n  i s  an  u n u s u a l  
c h e m i c a l  phenom enon  w h i c h ,  when f a r  f ro m  c h e m i c a l  e q u i l i b r i u m ,  
c a n  d i s p l a y  o s c i l l a t i o n s  i n  t h e  c o n c e n t r a t i o n s  o f  some 
i n t e r m e d i a t e  s p e c i e s .  A s i m p l i f i e d  m o d e l  f o r  t h i s  r e a c t i o n  
w as  c o n s t r u c t e d  by  F i e l d  a n d  N o y e s .  The b e h a v i o r  o f  t h i s  
r e a c t i o n  m o d e l  i n  s p a c e  a n d  t i m e  i s  ' g o v e r n e d  by  k i n e t i c  
e q u a t i o n s  c o u p l e d  w i t h  d i f f u s i o n  t e r m s .  The
r e a c t i o n - d i f f u s i o n  m o d e l  l e a d s  t o  t h r e e  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  i n  t h r e e  v a r i a b l e s .  The p u r p o s e  o f  t h i s  n u m e r i c a l  
s t u d y  i s  t o  f i n d  s t a b l e  s o l u t i o n s  t o  t h e s e  e q u a t i o n s  by  
m a n i p u l a t i n g  i n i t i a l  c o n d i t i o n s  an d  t h e  p a r a m e t e r s  f  an d  D g . 
A GEARB n u m e r i c a l  i n t e g r a t o r  i s  u s e d  t o  t r a c e  t h e  e v o l u t i o n  o f  
w a v e f o r m s  and  t o  t e s t  f o r  s t a b i l i t y .
T h e  r e a c t i o n - d i f f u s i o n  e q u a t i o n s  h a v e  a  u n i q u e  z e r o t h - o r d e r  
s o l u t i o n .  P e r t u r b a t i o n  a n a l y s i s  i s  u s e d  t o  show t h a t  s m a l l  
f i r s t  a n d  s e c o n d - o r d e r  s o l u t i o n s  e x i s t  f o r  c e r t a i n  c r i t i c a l  
l e n g t h s .  S m a l l  p e r t u r b a t i o n s  a t  t h e s e  c r i t i c a l  l e n g t h s  
d e v e l o p  on  t h e  i n t e g r a t o r  i n t o  w a v e fo rm s  r e s e m b l i n g  t h e  
f u n d a m e n t a l  f i r s t - o r d e r  s o l u t i o n s .  T h e s e  w a v e fo rm s  a r e  
q u a s i —s t a b l e  w h i l e  a t  s m a l l  a m p l i t u d e s .
P r i o r  t o  s e e k i n g  l a r g e - a m p l i t u d e  s t a b l e  w a v e f o r m s ,  x —y p h a s e  
s p a c e  i s  i n v e s t i g a t e d  f o r  a  r a n g e  o f  z  v a l u e s .  T he  x '* = 0  a n d  
y "  = 0  l i n e s  i n  t h i s  p h a s e  s p a c e  a r e  made t o  i n t e r s e c t  i n  t h r e e  
p o in t s '*  by  a d j u s t i n g  f  a n d  D ^ .  Two o f  t h e  i n t e r s e c t i o n  p o i n t s  
a r e  s t a b l e  n o d e s .  U s in g  t h e s e  n o d e s  t o  s e t  i n i t i a l  
c o n d i t i o n s ,  l a r g e - a m p l i t u d e  t i m e - i n d e p e n d e n t  s o l u t i o n s  a r e  
f o u n d  f o r  a  r a n g e  o f  f  f r o m  0 , 1  t o  2 , 5  a n d  f o r  Dg f ro m  0 .1  t o  
1 0 x 1 0  cm s e c  " 1 ,  t h e  l a t t e r  c a s e  o n l y  o c c u r r i n g  when f * 0 . 6 .  
A s e t  o f  n e c e s s a r y  c o n d i t i o n s  i s  p r o p o s e d  f o r  t h e  e x i s t e n c e  o f  
l a r g e - s c a l e  s o l u t i o n s  f o r  a  g i v e n  s e t  o f  p a r a m e t e r s .  The 
e v o l u t i o n  o f  a  s m a 1 1 - a m p l i t u d e ,  q u a s i —s t a t i c  s o l u t i o n  i n t o  a  
s t a b l e  l a r g e  s o l u t i o n  i s  sh o w n . The minimum f a c t o r  o f  t e n  
b e t w e e n  d i f f u s i o n  r a t e s  n e c e s s a r y  f o r  s t a b i l i t y  i s  p h y s i c a l l y  
r e a s o n a b l e  f o r  m a c r o m o l e c u l e s ,  b u t  n o t  f o r  t h e  BZ r e a c t i o n .  
T h e  p o s s i b i l i t y  o f  f u r t h e r  r e d u c i n g  D_ i s  d i s c u s s e d .
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CHAPTER I
INTRODUCTION
A . PROBLEM
The m e t a l - i o n - c a t a l y z e d  o x i d a t i o n  and  b r o m i n a t i o n  o f  c e r t a i n
o r g a n i c  com pounds by  b r o m a te  i o n s  i s  r e f e r r e d  t o  a s  t h e
B e l o u s o v - Z h a b o t i n s k i i  (BZ) r e a c t i o n ^ .  D u r in g  t h e  c o u r s e  o f  t h e  BZ
r e a c t i o n ,  t e m p o r a l  o s c i l l a t i o n s  a r e  o b s e r v e d  i n  t h e  r a t i o  o f  t h e  
c o n c e n t r a t i o n  o f  t h e  o x i d i z e d  t o  t h e  r e d u c e d  fo rm  o f  t h e  c a t a l y s t  an d  i n  
t h e  b ro m id e  i o n  c o n c e n t r a t i o n .  A t y p i c a l  e x p e r i m e n t a l  r e s u l t  i s  shown 
i n  F i g .  1 . 1 .  The c o n c e n t r a t i o n s  o f  o t h e r  s p e c i e s  o s c i l l a t e  b u t  a r e  n o t  
r e a d i l y  m e a s u r e d .  A g r o u p  o f  e i g h t e e n  c h e m i c a l  r e a c t i o n s  d e s c r i b i n g  
t h i s  c o m p lex  o s c i l l a t i n g  s y s te m  was p r o p o s e d  by  F i e l d ,  K o ro s  and  N oyes^ 
i n  1 9 7 2 .  I n  1974  F i e l d  a n d  N oyes^ s u g g e s t e d  a  r e d u c e d  m o d e l  f o r  t h i s  
s y s te m  c o n s i s t i n g  o f  f i v e  c h e m i c a l  r e a c t i o n s .  The k i n e t i c  e q u a t i o n s  f o r  
t h e s e  r e a c t i o n s  a r e  t h r e e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  t im e  a s
t h e  in d e p e n d e n t  v a r i a b l e  a n d  t h r e e  c h e m i c a l  c o n c e n t r a t i o n s  a s  t h e
d e p e n d e n t  v a r i a b l e s .  When e v a l u a t e d  n u m e r i c a l l y ,  t h e  t h r e e  k i n e t i c  
e q u a t i o n s  s tem m ing  f ro m  t h e  F i e l d - N o y e s  m o d e l  (known a s  t h e  O r e g o n a t o r )  
p r o d u c e  o s c i l l a t o r y  b e h a v i o r  q u a l i t a t i v e l y  s i m i l a r  t o  t h a t  d i s p l a y e d  
e x p e r i m e n t a l l y  by  t h e  BZ r e a c t i o n .  I n  a d d i t i o n ,  t h e  O r e g o n a t o r ,  when 
c o u p l e d  w i t h  d i f f u s i o n  t e r m s ,  c a n  n u m e r i c a l l y  r e p r o d u c e  t r a v e l i n g  w aves 
o f  c h e m i c a l  a c t i v i t y * * ,  a g a i n  s u c c e s s f u l l y  m o d e l in g  t h e  BZ r e a c t i o n ^ » ® .  
The O r e g o n a t o r  i s  now w id e ly  a c c e p t e d  a s  a  g o o d  w o r k in g  a p p r o x i m a t i o n  o f
1
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SECONDS—
Figure 1.1 Potcntiometric traces o f  log [Br"] and log (Ce(lV)j/ 
[Ce(III)] for a representative reaction exhibiting all six periods. 
Initial concentrations were [CHt(COOH)j]o =  0.032 M, [KBrOJo =  
0.063 M, (KBr)* =  1.5 X 10"» M ,  [Ce{NH4)î(NO,)s]o “  0.001 M ,  
[H sSO O o =  0 .8  M .
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t h e  BZ r e a c t i o n .
As e a r l y  a s  1952 T u r i n g ’ s u g g e s t e d  t h a t  a u t o c a t a l y t i c  c h e m i c a l  
k i n e t i c s  c o u p l e d  w i t h  d i f f u s i o n  c o u l d  g e n e r a t e  s p a t i a l  p a t t e r n s  o f  
c h e m i c a l  c o n c e n t r a t i o n s .  He p r o p o s e d  t h a t  s u c h  s p a t i a l  c h e m i c a l  
a r r a n g e m e n t s , i f  t h e y  c h a n g e d  s l o w l y ,  c o u ld  b e  a  m ech an ism  f o r  
c o n t r o l l i n g  m o r p h o g e n e s i s ,  a  p r o c e s s  i n  w h ic h  a  s y m m e tr ic  g ro u p  o f  c e l l s  
g row s  i n t o  a n  a s y m m e tr ic  s h a p e .  N i c o l i s  an d  F r i g o g i n e ^  h a v e  fo u n d  s u c h  
s t a b l e  s p a t i a l  s o l u t i o n s  t o  a  s e t  o f  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  a r i s i n g  f r o m  a n  a u t o c a t a l y t i c  c h e m i c a l  m o d e l  known a s  t h e  
B r u s s e l a t o r .  The B r u s s e  l a t o r  m o d e l ,  th o u g h  p r e s e n t e d  i n  t h e  fo r m  o f  
c h e m i c a l  e q u a t i o n s ,  d o e s  n o t  c o r r e s p o n d  t o  an  a c t u a l  c h e m i c a l  s y s t e m .  A 
s t a b l e ,  s p a t i a l  c o n c e n t r a t i o n  g r a d i e n t  s u p p o r t e d  b y  t h e  f r e e  e n e r g y  
c h a n g e  i n  a  c h e m i c a l  r e a c t i o n  i s  a  m o s t u n u s u a l  o c c u r r e n c e .  The g o a l  o f  
t h i s  t h e s i s  i s  t o  f i n d  s t a b l e  s o l u t i o n s  t o  t h e  r e a c t i o n - d i f f u s  io n  
O r e g o n a t o r ,  a  m ode l w h ic h  d o e s  h a v e  a  r e a l  c h e m i c a l  b a s i s .
B . EQUATIONS
The O r e g o n a t o r  m o d e l  c a n  b e  w r i t t e n  a s
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A + Y— ♦X
k2
X + Y-----
ka
B + X i>2X. + Z
kit
2X >Q
ks
Z  » fY .
w here  A*B=BrO” , XEHBrOj* Y=Br~ and  Z = C e (IV ) .  The l e t t e r s  P and  Q 
r e p r e s e n t  g e n e r a l i z e d  p r o d u c t s  o f  t h e  r e a c t i o n  whose c o n c e n t r a t i o n s  do 
n o t  e n t e r  i n t o  t h e  k i n e t i c  e q u a t i o n s .  E ach  o f  t h e  sym bo ls  k ^  to  kg  i s  a  
r a t e  c o n s t a n t ,  t h e  p r o p o r t i o n a l i t y  c o n s t a n t  b e tw een  t h e  r a t e  o f  a 
p a r t i c u l a r  r e a c t i o n  and  t h e  c o n c e n t r a t i o n  o f  i t s  r e a c t a n t s .  The sym bol 
f  i s  a  s t o i c h i o m e t r i c  f a c t o r  i n  t h e  f i f t h  e q u a t i o n ,  r e p r e s e n t i n g  t h e  
num ber o f  Y ' s  w h ic h  a p p e a r  f o r  e v e r y  Z w h ic h  d i s a p p e a r s  i n  t h e  r e a c t i o n .  
The v a l u e  o f  f  c an  p h y s i c a l l y  r a n g e  f ro m  0 to  a b o u t  5 .  The c h e m ic a l  
s p e c i e s  X, Y and  Z h a v e  d i f f u s i o n  c o e f f i c i e n t s  D , D and D ,
X y  2
r e s p e c t i v e l y .  Commonly X, Y and  Z a r e  c h a n g e d  t o  d im ens  i o n l e s s  
v a r i a b l e s  x ,  y and  z .  F o r  t h e s e  v a r i a b l e s  t h e  e q u a t i o n s  d e s c r i b i n g  t h e  
d ynam ics  o f  a  s y s te m  w i t h  one s p a t i a l  d im e n s io n  a r e
( 3 x / 3 t ) | j ^  * D ^ O ^ x / S S , ^ )  +  s ( y  -  x y  +  x  -  q x %)  E q .  1 .2
O y / 3 t ) [ j ^  =  D ^ ( 3 ^ y / 3 2 ^ )  +  ( - y  - x y  +  f z ) / s  E q .  1 . 3
( 3 z / 3 t )  -  D ^ O ^ z / 3 2 , ^ )  [ ^  +  w ( x  -  2 ) E q .  1 . 4
w here
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" - Î Î I  . - | k , k 3 A B T
q -  w -  — ^ —  s  « J ? ?  d : «
• k t s b  ^  ^ j k i k i n .
F o r  c o n v e n ie n c e  t h e  u n i t s  o f  h av e  b e en  c h an g e d  f ro m  cm^s  ̂ t o  cun^s2 _ - l
9T h ro u g h o u t  t h i s  p a p e r  t h e  r a t e  c o n s t a n t s  c u r r e n t l y  recommended by Tyson 
a r e  u s e d .  T h ese  a r e  r e f e r r e d  t o  a s  t h e  "Low" r a t e  c o n s t a n t s .  See  
A ppend ix  1 f o r  t h e  v a l u e s  o f  r a t e  c o n s t a n t s  and  p a r a m e t e r s  u s e d .
C. INTEGRATOR
A lth o u g h  t i m e - i n d e p e n d e n t  s o l u t i o n s  a r e  s o u g h t  f o r  t h e  O r e g o n a to r  
r e a c t i o n - d i f f u s io n  e q u a t i o n s ,  a  c o m p u te r i z e d  i n t e g r a t o r  i s  n e e d e d  w h ic h  
can  s o l v e  t h e  e q u a t i o n s  i n  b o t h  t im e  and s p a c e  i n  o r d e r  t o  c h e c k  t h e s e  
s o l u t i o n s  f o r  s t a b i l i t y .  The p r o c e d u r e  u s e d  by F i e l d  and  Reus s e  r  t o  
i n v e s t i g a t e  t r a v e l i n g  w aves i s  f o l l o w e d  t o  c o n s t r u c t  s u c h  an  i n t e g r a t o r .  
The m ethod  o f  l i n e s  i s  u s e d  t o  c h an g e  f ro m  a s e t  o f  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  to  a much l a r g e r  s e t  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  
t im e  a s  t h e  i n d e p e n d e n t  v a r i a b l e .  The l e n g t h  o f  s p a c e  t o  be  
i n v e s t i g a t e d  i s  b ro k e n  i n t o  a  l a r g e  num ber o f  d i s c r e t e  p o i n t s .  U n le s s  
o t h e r w i s e  m e n t io n e d ,  250 s p a t i a l  p o i n t s  a r e  u s e d .  The seco n d  s p a t i a l  
p a r t i a l  d e r i v a t i v e  f o r  x  i s  e s t i m a t e d  by
9^x(n) x (n  + I) -  x ( n )  -  [ x ( n )  -  x ( n  -  1)]  _ _ 2
A p a r a l l e l  p r o c e d u r e  i s  u s e d  f o r  t h e  y and  z v a r i a b l e s .  W ith  t h i s
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a p p r o x i i n a t i o n ,  an d  250 s p a c e  p o i n t s ,  t h e r e  a r e  750  v a r i a b l e s  a n d  750  
n o n l i n e a r ,  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  t im e  a s  t h e  i n d e p e n d e n t  
v a r i a b l e .
A t t e m p t s  t o  n u m e r i c a l l y  i n t e g r a t e  t h e s e  e q u a t i o n s  by  a  R u n g e - K u t ta  
m e th o d  h a v e  p r o v e d  q u i t e  awkward b e c a u s e  t h e  s y s te m  h a s  a  n u m e r i c a l  
d i f f i c u l t y  c a l l e d  * * s t i f f n e s s " ^ ^ . I n  s t i f f  e q u a t i o n s  a  s m a l l  n u m e r i c a l  
e r r o r  i n  one  v a r i a b l e  l e a d s  e x t r e m e l y  q u i c k l y  t o  a  l a r g e - s c a l e  d e v i a t i o n  
f ro m  t h e  s o l u t i o n  b e i n g  s o u g h t .  S t i f f n e s s  i s  a  common d i f f i c u l t y  i n  
c h e m i c a l  k i n e t i c s  p r o b le m s  w h e re  t im e  s c a l e s  o f  v a r i o u s  r e a c t i o n s  may 
d i f f e r  by  many o r d e r s  o f  m a g n i t u d e .  I n  p a r t i c u l a r  t h e  t e r m  ( y - x y )  i n  
E q . 1 . 2  c a n  c a u s e  t h e  n u m e r i c a l  v a l u e  o f  3 x / 3 t  t o  o s c i l l a t e  w i l d l y  a t  
t h e  p o i n t  w h ere  x  a p p r o a c h e s  1 a n d  y b ecom es  v e r y  l a r g e ,  e v e n  i f  t h e  
s t e p  s i z e  f o r  t h e  i n t e g r a t o r  i s  made v e r y  s m a l l ^ .  T h i s  p ro b le m  i s  
e l i m i n a t e d  by  u s i n g  GEARB, a  v a r i a t i o n ^ ^  o f  a n  i n t e g r a t o r  o r i g i n a l l y  
d e v i s e d  by G e a r ^ ^ .  C o n s i d e r  t h e  750  v a r i a b l e s  a s  a  v e c t o r  o v e r  t i m e .  
GEARB s t e p s  f ro m  t im e  t  t o  t im e  t+ A t  by f i n d i n g  a n  in c r e m e n t e d  v e c t o r  a t  
t+ A t w h ic h  h a s  t h e  p r o p e r t y  t h a t  when i t s  t o t a l  t im e  d e r i v a t i v e  i s  
co m p u ted  an d  u s e d  t o  p r o j e c t  b a c k  t o  t im e  t ,  t h e  o r i g i n a l  v a l u e  o f  t h e  
v e c t o r  a t  t im e  t  i s  h i t .  I n  p r a c t i c e  t h e  p o i n t  a t  t im e  t+ A t i s  f o u n d  by 
s o l v i n g  t h e  s e t  o f  750 l i n e a r  a p p r o x i m a t i o n s  t o  t h e  750 n o n - l i n e a r  
e q u a t i o n s .  The p r o c e s s  i n v o l v e s  i n v e r t i n g  t h e  J a c o b i a n  o f  t h e  n o n l i n e a r  
o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  GEARB t a k e s  a d v a n t a g e  o f  t h e  b a n d e d  
n a t u r e  o f  t h e  J a c o b i a n  t o  i n t e g r a t e  t h e  e q u a t i o n s  w i t h  r e l a t i v e  
e f f i c i e n c y .
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GEARB i s  i n i t i a l l y  s u p p l i e d  w i t h  v a l u e s  f o r  e a c h  v a r i a b l e  a t  e v e r y  
s p a c e  p o i n t ,  a  d e s i r e d  s t e p  s i z e  and  e r r o r  p a r a m e t e r ,  and  s u b r o u t i n e s  
w h ic h  c o n t a i n  t h e  d i f f e r e n t i a l  e q u a t i o n s  an d  t h e  J a c o b i a n  m a t r i x .  The 
G ear  m e th o d  w o rk s  w e l l  f o r  t h e  O r e g o n a t o r .  A l l  c o m p u t a t i o n s  w e re  done  
on  t h e  U n i v e r s i t y  o f  M ontana  DEC-20 c o m p u te r .  A l l  n u m b e r s ,  w i t h  t h e  
e x c e p t i o n  o f  t h e  J a c o b i a n  m a t r i x ,  w ere  k e p t  i n  d o u b le  p r e c i s i o n  m ode. 
The DRIVES v e r s i o n  o f  GEARB was u s e d .  A p p e n d ix  3 c o n t a i n s  t h e  f o l l o w i n g  
m a in  p ro g ra m  an d  s u b r o u t i n e s  f o r  t h e  GEARB p a c k a g e :  GOING, NSET,
PARSET, PATT, IN S , PDB, DIFFÜN, P I C ,  PICTUR an d  RÜNTIM.
D . BOUNDARY CONDITIONS: ONE SPATIAL DIMENSION
K e e p in g  i n  m ind  t h e  c h e m i c a l  n a t u r e  o f  t h e  e q u a t i o n s ,  t h e  two m o s t 
l i k e l y  b o u n d a r y  c o n d i t i o n s  f o r  a  o n e - d i m e n s i o n a l  c l o s e d  s p a c e  a r e :  no
d i f f u s i o n  a t  t h e  e d g e s ,  r e p r e s e n t i n g  a  c o n t a i n e r  w i t h  im p e rm e a b le  w a l l s ,  
an d  c o n s t a n t  c h e m i c a l  c o n c e n t r a t i o n  a t  t h e  e d g e s ,  r e p r e s e n t i n g  a  
p e r m e a b le  c o n t a i n e r  i n  a  l a r g e  r e s e r v o i r .  T h i s  p a p e r  d e a l s  o n l y  w i t h  
t h e  f o r m e r  c o n d i t i o n .  The c o n d i t i o n  o f  no  d i f f u s i o n  a t  t h e  w a l l s  i s  
e q u i v a l e n t  t o  r e q u i r i n g  t h a t  t h e r e  b e  a  z e r o  s l o p e  f o r  t h e  c h e m i c a l  
c o n c e n t r a t i o n  c u r v e s  a t  t h e  e d g e s .
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CHAPTER I I
QUASI-STABLE, SMALL-AMPLITUDE SOLUTIONS
A. INTRODUCTION
Any s t a t i o n a r y  s o l u t i o n  o f  Che O r e g o n a to r  r e a c t i o n - d i f f u s  io n
p ro b le m  m ust s a t i s f y  t h e  f o l l o w i n g  t h r e e  e q u a t i o n s .
D ^ (d ^ x /d £ ^ )  ■ s ( x y  +  qx^ -  y  -  x )  E q . 2 .1
D ^(d^y /d& ^) * (y  +  xy -  f z ) / s  Eq . 2 .2
D ^ (d ^ z /d £ ^ )  •  w (z -  x )  Eq . 2 .3
L e t t i n g  0 and  L d e n o t e  t h e  two e n d p o i n t s  o f  a  c h o s e n  l e n g t h ,  t h e  
b o u n d a ry  c o n d i t i o n s  a r e
(d x /d S ,) !^  « (d y /d A ) |g  » (d z /d J l )  | q * 0
( d x / d i )  = (dy /d& ) * (dz/dJL) = 0
Eq. 2 .4
I f  t h e  sec o n d  d e r i v a t i v e  t e r m s  a r e  assum ed  to  b e  z e r o ,  t h e  ab o v e  
e q u a t i o n s  h av e  a  u n iq u e  s o l u t i o n .  T h a t  s o l u t i o n  i s  r e l a t i v e l y
u n i n t e r e s t i n g  h e r e  a s  i t  r e p r e s e n t s  a  c o n t a i n e r  w i t h  c h e m ic a l  
c o n c e n t r a t i o n s  e v e ry w h e re  t h e  sam e. Such a  f l a t  s o l u t i o n  w i l l  b e  
r e f e r r e d  t o  a s  t h e  z e r o t h - o r d e r  s o l u t i o n .  I t  may o r  may n o t  b e  s t a b l e .  
The s o l u t i o n s  s o u g h t  i n  t h i s  w ork s h o u ld  h a v e  n o n - z e r o ,  s t a t i o n a r y  
c h e m ic a l  g r a d i e n t s .
8
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I f  one  assu m es  Che e x i s t e n c e  o f  a  s m a l l - a m p l i t u d e  s o l u t i o n  t o  E q s .  
2 * 1 - 2 . 4  t h a t  d i f f e r s  o n ly  s l i g h t l y  a t  e a c h  p o i n t  f ro m  t h e  z e r o t h - o r d e r  
s o l u t i o n ,  i t  i s  w o r th w h i le  t o  u s e  a  p e r t u r b a t i o n  m e th o d  t o  f i n d  f i r s t  
and  s e c o n d - o r d e r  a p p r o x i m a t i o n s .  S in c e  n o t h i n g  i s  known a b o u t  th e  
s t a b i l i t y  i n  t im e  o f  e i t h e r  o f  t h e s e  a p p r o x i m a t i o n s  o r  o f  t h e  s o l u t i o n  
th e y  may a p p r o a c h ,  s t a b i l i t y  i s  c h e c k e d  by l e t t i n g  t h e  GEARB i n t e g r a t o r  
ru n  w i t h  t h e  f i r s t  o r  s e c o n d - o r d e r  a p p r o x i m a t i o n s  a s  i n i t i a l  s e t t i n g s .
B. ZEROTH-ORDER SOLUTION
The z e r o t h - o r d e r  s o l u t i o n  t o  t h e  t i m e - i n d e p e n d e n t  k i n e t i c  e q u a t i o n s  
i s  fo u n d  by  s e t t i n g  t h e  s e c o n d - o r d e r  s p a t i a l  d e r i v a t i v e  e q u a l  t o  z e r o  i n  
E q s .  2 . 1 ,  2 .2  and  2 . 3 .  S o lv i n g  t h e s e  t h r e e  e q u a t i o n s  g i v e s
[ ( 1  -  f  -  q )  +  ^ (1  -  f  -  q ) ^  +  4 q ( f  +  1) ] / 2 q
f X o / (1 +  Xo)
C. FIRST-ORDER SOLUTION
L e t x ^ , 7^ a n d  z ^ , e a c h  a  f u n c t i o n  o f  & , r e p r e s e n t  an  assum ed  
s o l u t i o n  o f  t h e  t i m e - i n d e p e n d e n t  O r e g o n a to r  r e a c t i o n - d i f f u s  io n  e q u a t i o n s  
w h ich  d i f f e r s  o n ly  s l i g h t l y  from  th e  z e r o t h - o r d e r  s o l u t i o n .  Then d e f i n e  
X * , y* and  z* by t h e  f o l l o w i n g  e q u a t i o n s  and  i n e q u a l i t i e s .
Xg * Xo +  X* -  y .  +  y*  Zg = Zo + z*
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X * ,  y * ,  2 * << I a n d  x * ,  y * ,  z*  << x ^ ,  y ^ ,  z ^ .
By s u b s t i t u t i o n  i n t o  E q . 2 . 2 ,  t h e  v a r i a b l e  y * ,  f o r  e x a m p le ,  th e n  
s a t i s f i e s
[d^Cyo +  y * ) /d Z * ]  = [ ( y ,  +  y*) +  ( x ,  +  x * ) ( y ,  +  y * )  -  f ( z ,  +  z * ) ] / s
o r  e q u i v a l e n t l y  
Dy [d*y* /dJ l* l * [y*  +  (x*y* +  x , y *  +  x * y * )  -  f z * ] / s .
D i f f e r e n t i a l  e q u a t i o n s  f o r  x* and  z*  a r e  fo u n d  s i m i l a r l y . Terms 
i n v o l v i n g  t h e  p r o d u c t  o f  two s t a r r e d  v a r i a b l e s  a r e  s m a l l  com pared  t o  
o t h e r  t e r m s  i n  t h e s e  e q u a t i o n s .  I f  one  l e t s  x ^ , y% and z^ b e  new 
v a r i a b l e s  f o r  a m o d i f i c a t i o n  o f  t h e  above  e q u a t i o n  (a n d  t h e  o t h e r  two 
p a r a l l e l  e q u a t i o n s )  w i th  any  te rm  i n v o l v i n g  t h e  p r o d u c t  o f  two s t a r r e d
v a r i a b l e s  th ro w n  aw ay , t h e  f o l l o w i n g  l i n e a r  e q u a t i o n s  r e m a in .  N o te  t h a t
a  num ber o f  te rm s  i n v o l v i n g  z e r o t h - o r d e r  v a r i a b l e s  h a v e  d ro p p e d  o u t .
[d * X i /d i l * ]  -  s ( - y i  +  x ^ y ,  +  x^y^ -  x^ +  2qx«Xi)
Dÿ [d ^y ^ /d J l^ ]  .  (y^  +  x ^ y .  +  x .y ^  -  f z ^ ï / s  Eq. 2 .5
Dg [d®Zj/dJl*] = w ( z i  -  x ^ )
D e f in e  d o u b ly  s t a r r e d  v a r i a b l e s  so  t h a t
X* =* Xi +  X** y* » y i  +  y** 2* * Zj. +  z**
S o l u t i o n s  X* and x% s a t i s f y  v e r y  s i m i l a r  d i f f e r e n t i a l  e q u a t i o n s .  The 
o n ly  d i f f e r e n c e  i n  t h e  e q u a t i o n s  i s  t h e  o m is s i o n  o f  t e r m s  i n v o l v i n g  
p r o d u c t s  o f  s t a r r e d  v a r i a b l e s .  I t  i s  a ssum ed  t h a t  t h e  c o n t r i b u t i o n  o f
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t h e  o m i t t e d  t e rm s  t o  t h e  g ro w th  o f  e a c h  v a r i a b l e  i s  s m a l l  com pared  t o  
t h a t  o f  t h e  o t h e r  te rm s*  Thus s h o u ld  b e  c l o s e  to  x * . S in c e
x***]tf^-x i, i t  i s  e x p e c t e d  t h a t
X * *  < <  X y** «  y  I Z * *  «  2 ,
E q u a t io n s  2 . 5  a r e  l i n e a r  s e c o n d - o r d e r  d i f f e r e n t i a l  e q u a t i o n s  w h ich  
can  be  s o l v e d .  Assume s o l u t i o n s  o f  t h e  fo rm
x^(& ) •  x^e I g t ?a *
ig% i g &
and  s u b s t i t u t e  i n t o  t h e  l i n e a r i z e d  e q u a t i o n s ,  r e a r r a n g i n g  t h e  e q u a t i o n s  
s l i g h t l y  and  p u t t i n g  t h e  w h o le  s y s te m  i n t o  a  m a t r i x  fo rm .
- y o + l - 2 q x ,  1-x*
•Yo - 1 - X o  f
- 1
1
I
DySg* 0
0 D^g^/w
a
a
Eq. 2 .6
T h i s  s y s te m  i s  an  e i g e n v a l u e  p ro b le m  i n  g ^ . The p ro g ram  SMALL ( s e e  
A ppend ix  3 )  d r i v e s  an  IHSL r o u t i n e  EIGZC w h ic h  n u m e r i c a l l y  s o l v e s  t h i s  
ty p e  o f  p ro b le m  f o r  com plex  m a t r i x  e l e m e n t s .  SMALL p r o v i d e s  t h e  s i x  
v a l u e s  o f  g a n d ,  f o r  e a c h  su c h  v a l u e ,  t h e  r a t i o  o f  t h e  c o e f f i c i e n t s ,  
X , y^ and  w h ic h  go w i t h  i t .  Thus t h e  g e n e r a l  s o l u t i o n  f o r  t h e  
l i n e a r i z e d  e q u a t i o n s  i s  o f  t h e  fo rm
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ig_& igb^t Ig f î -
) Eq. 2 .7
*1 * C l ( x ^ e  ) +  CaCx^e ) + . . . +  C s ( x ^ e  )
ig ^  2 ig .  Z
y  I “  C^Cy^e ) + CaCy^e ) + . . .  +  CsCy^
ig  2 ig .  Jl
2 j  = C^Cz^e ) +  Ca (z ^ e  ) +  . . . +  Cg ( z ^ e  *■ )
w i t h  a r b i t r a r y  c o n s t a n t s  t o  Cg.
T h i s  g e n e r a l  s o l u t i o n  m ust now b e  l i m i t e d  t o  f i t  t h e  g iv e n  b o u n d a ry  
c o n d i t i o n s :  t h e  f i r s t  ( s p a t i a l )  d e r i v a t i v e  o f  e a c h  v a r i a b l e  i s  e q u a l  t o
z e r o  a t  2 - 0  an d  a t  2 « L . To s e e  t h e  p r o c e s s  o f  f i t t i n g  t h e  g e n e r a l  
s o l u t i o n  t o  t h e  b o u n d a ry  c o n d i t i o n s  m ore  c l e a r l y  $ t h e  g e n e r a l  s o l u t i o n  
(E q .  2 . 7 )  i s  r e w r i t t e n  i n  m a t r i x  fo rm
h A  IK K K 
■ “ J
a K
c K 4
c e K
K e K
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o r
h\ /cC2
C3
C4
Cs
Cfi
A
w here  e a c h  M i s  a  f u n c c i o a  o f  I* Then t h e  b o u n d a ry  c o n d i t i o n s  become
&
' ' I
C2
C 3
C4
Cs
C«
and
/o
&
s '
Cz
C 3
C4
Cs
Cs
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C om bin ing  i n  one l a r g e  m a t r i x
/ o \
0
0
J
(d /d & ) <«à . . .  mJ )
(d /d& ) Iq K . . .  m| )
( d /d £ ) . . .  M^)
(d /d J l) I t . . .  mJ )
(d /d& ) I t (mJ . . .  m| )
( d /d £ ) 11 K . . .  m|)^
c .
Eq. 2 .8
'S  /
I Ce/
I n  o r d e r  t o  h a v e  a  n o n - t r i v i a l  s o l u t i o n  t o  t h i s  m a t r i x  e q u a t i o n »  t h e  
d e t e r m i n a n t  o f  t h e  s i x  by s i x  m a t r i x  m ust e q u a l  z e r o .  SHALL f i n d s  t h e  
v a l u e s  o f  & f o r  w h ich  t h e  d e t e r m i n a n t  i s  z e r o .  F o r  L e q u a l  t o  one o f  
t h e s e  p a r t i c u l a r  v a l u e s ,  SMALL t h e n  g i v e s  t h e  v a l u e s  o f  t h e  C ^ " s ,  t h e  
r e l a t i v e  a m p l i t u d e s  o f  t h e  n o rm a l  m o d es .
The r e s u l t s  o f  t h i s  w h o le  p r o c e s s  a r e  q u i t e  s i m p l e .  The e i g e n v a l u e
m a t r i x  e q u a t i o n  (E q .  2 . 6 )  i s  a  t h i r d  o r d e r  e q u a t i o n  i n  g ^ ,  w here  g^ i s
c o m p le x .  E q u a t io n  2 . 8  c an  be  s o l v e d  i f  and o n ly  i f  a t  l e a s t  one o f  t h e
e i g e n v a l u e s  o f  E q . 2 .6  i s  r e a l  and  p o s i t i v e .  F o r  e a c h  s u c h  r e a l
p o s i t i v e  e i g e n v a l u e  g^ t h e r e  i s  a  c r i t i c a l  L f o r  w h ich  E q . 2 . 8  i s
s a t i s f i e d .  F o r  t h a t  L t h e  c o e f f i c i e n t s  o f  t h e  two m o d es , e and
- i g /
e , a r e  e q u a l  and  t h e  c o e f f i c i e n t s  o f  t h e  o t h e r  modes a r e  z e r o .  C a l l
c o e f f i c i e n t C /2 . Thent h a t  u n iq u e  n o n - z e r o
i g /  - i g /
( C / 2 ) x e  + (C /2 )x e  “ C [c o s ( g  & ) ] .  The o n ly  f i r s t - o r d e r  s o l u t i o n s  t om
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t h e  t i m e - i n d e p e n d e n t  O r e g o n a t o r  k i n e t i c  e q u a t i o n s  a r e  a  s t e a d y - s t a t e  
t e r m  p l u s  a  t e r m  p r o p o r t i o n a l  t o  a  s i m p l e  c o s i n e  f u n c t i o n .
D. RESULTS FOR FIRST-ORDER SOLUTION
I .  N o te  on a  N u m e r ic a l  P ro b le m
The k i n e t i c  e q u a t i o n s  f o r  t h e  b a s i c  O r e g o n a t o r  w i t h  no  d i f f u s i o n  
te r m s  ( i . e . ,  i n  a  w e l l - m i x e d  c o n t a i n e r )  h a v e  a  u n iq u e  s t e a d y  s t a t e .  
U s in g  t h e  m e th o d  p r e s e n t e d  b y  F i e l d  and  Noyes  ̂ and  im p ro v e d  by  
M u r r a y ^ o n e  c a n  c o m p u te  t h a t  f o r  t h e  "Low" p a r a m e t e r s  ( s e e  A p p e n d ix  1 )  
t h e  s t e a d y  s t a t e  i s  u n s t a b l e  when 0 .5 0 2 4 < f < 2 .3 5 4 5  an d  s t a b l e  when f  i s  
o u t s i d e  t h i s  r a n g e  ( s e e  A p p e n d ix  2 ) .  When t h e  GEARS i n t e g r a t o r  i s  r u n  
w i t h  n o  d i f f u s i o n  t e r m s  an d  a n  i n i t i a l  c o n d i t i o n  o n l y  s l i g h t l y  p e r t u r b e d  
f ro m  t h e  s t e a d y  s t a t e ,  a n d  f  i s  s e t  a t  1 .8 2  ( a  v a l u e  o f t e n  u s e d ) ,  t h e  
v a r i a b l e s  i n i t i a l l y  o s c i l l a t e  w i t h  a  s m a l l  a m p l i t u d e .  T h i s  a m p l i t u d e  
s lo w ly  g row s  l a r g e r  o v e r  a  few  c y c l e s  u n t i l  l a r g e - a m p l i t u d e  o s c i l l a t i o n s  
a p p e a r .  H ow ever , when t h e  a m p l i t u d e  o f  t h e  i n i t i a l  p e r t u r b a t i o n  i s  made 
a s  s m a l l  a s  10 o n l y  t h e  e i g h t h  s i g n i f i c a n t  d i g i t  i n  t h e  v a r i a b l e s  
c h a n g e s  w i t h  t i m e :  t h e  v a r i a b l e s  o s c i l l a t e  b u t  do  n o t  g ro w  l a r g e r .
T h i s  t i n y ,  b o u n d ed  o s c i l l a t i o n  i s  a  n u m e r i c a l  p ro b le m  w i t h  GEARB. 
T r o u b l e  o c c u r s  i n  t h e  e i g h t h  d i g i t  e v e n  i n  d o u b l e - p r e c i s i o n  c a l c u l a t i o n s  
(1 6  s i g n i f i c a n t  d i g i t s )  b e c a u s e  v e r y  l a r g e ,  n e a r l y  e q u a l ,  n u m b e rs  a r e  
s u b t r a c t e d  f ro m  e a c h  o t h e r ,  r e s u l t i n g  i n  a  l o s s  o f  a c c u r a c y .  When t h e  
e q u a t i o n s  f o r  t h e  b a s i c  O r e g o n a t o r  ( w i t h  no  d i f f u s i o n  t e r m s )  a r e  
p e r t u r b e d  by 10 ® o r  m o re ,  t h e  s o l u t i o n s  g ro w  a s  e x p e c t e d .
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P e r t u r b a t i o n s  o f  a m p l i t u d e  r o u g h ly  10~^ f o r  t h e  O r e g o n a to r  w i t h  
d i f f u s i o n  a r e  o f t e n  u s e d  i n  t h i s  w o rk .  Such a  s m a l l  i n i t i a l  
p e r t u r b a t i o n  g i v e s  l o n g e r  l a s t i n g  w a v e fo rm s .  O ver h u n d re d s  o f  
i n t e g r a t i o n s ,  t h e  GEARB p ro g ra m  g o t  t r a p p e d  a t  t h a t  t i n y  l e v e l  o n ly  
o n c e ,  and t h a t  on an  u n i m p o r t a n t  r u n .  N e v e r t h e l e s s ,  t o  be  s u r e  t h a t  
t h i s  p ro b le m  h a s  no  d e c e p t i v e  e f f e c t  on t h e  e s t i m a t e  o f  th e  l o n g e v i t y  o f  
w a v efo rm s,  t h e  l i f e  o f  a  w avefo rm  i s  d e n o te d  by t h e  sym bol A t. The 
c l o c k  m e a s u r in g  At b e g i n s  when t h e  p e a k - t o - p e a k  a m p l i t u d e  o f  t h e  x  
v a r i a b l e  i s  r o u g h ly  0 . 0 0 1 .  A t t h a t  t i m e ,  t h e  f o u r t h  s i g n i f i c a n t  d i g i t  
i n  t h e  v a l u e  o f  x  b e g i n s  t o  c h an g e  a s  one  co m p ares  t h e  l e f t  and  
r i g h t - h a n d  s i d e s  o f  t h e  w av e . V a lu es  o f  x  may g e t  s m a l l e r  a g a i n  a f t e r  
t h e  At c l o c k  i s  s t a r t e d ,  a s  e v en  i n  t h e  b a s i c  O re g o n a to r  ( w i t h o u t  
d i f f u s i o n )  X may o s c i l l a t e  w i t h  s m a l l  am pli* 'ude  o n c e  more a ro u n d  t h e  
s t e a d y  s t a t e  b e f o r e  g o in g  l a r g e .  The c l o c k  f o r  At i s  s to p p e d  when t h e  
w aveform s f l y  o f f  t o  a  l a r g e - s c a l e  s h a p e .  N u m e r ic a l l y  t h i s  c o n d i t i o n  i s  
e a s y  to  r e c o g i z e .  I n  p r a c t i c e  At i s  s to p p e d  when x r e a c h e s  t h r e e  t im e s  
i t s  s t e a d y  s t a t e  v a l u e .
2 .  R e s u l t s  f o r  f = 1 .8 2
U s in g  "Low" p a r a m e t e r s  (A p p e n d ix  1 ) ,  t h e  p ro g ram  SMALLK shows t h a t  
s m a l l - s c a l e  c o s i n e  s o l u t i o n s  e x i s t  o n ly  f o r  0 .6 1 < f < 1 .8 2 .  T h a t  i s ,  f o r  
t h e s e  v a l u e s  o f  f ,  a t  l e a s t  one o f  t h e  e i g e n v a l u e s  g^ i s  r e a l  and  
p o s i t i v e .  W ith  f = 1 .8 2  SMALL g i v e s  t h e  f o l l o w i n g  two e i g e n v a l u e s  f o r  g.^
g2 = 5 7 .4 2 2 5 5 8  g2 » 2 8 .6 2 2 7 5 7
g » 7 .5 7 7 7 6 7 3  g = 5 .3 5 0 0 2 4 0
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F i r s t - o r d e r  s o l u t i o n s  a r e  p r o p o r t i o n a l  t o  c o s ( g & ) ,  w i t h  L p i c k e d  so  
gL*n,Tr. F o r  n « l
L * 0 .4 1 4 5 8 0 2 5  mm. L » 0 .5 8 7 2 1 0 9 3  mm.
The a s s o c i a t e d  e i g e n v e c t o r s  f o r  e a c h  v a l u e  o f  g a r e
X “  C X = Ca  a
-  C ( - 0 . 22016735) y^  = C ( - 0 . 19541754)
-  0 (0 .1 4 8 3 1 8 3 2 )  z^  -  0 (0 .2 5 8 9 1 4 7 2 )
w here  C i s  an  a r b i t r a r y  s c a l i n g  c o n s t a n t .  The s o l u t i o n s  f o r  g = 5 .3500240
a r e  g iv e n  b e lo w .
x^ "  C [c o s (g & )]
y^ * C ( - 0 . 19541754) co s(g & )
Z i » 0 ( 0 .2 5 8 9 1 4 7 2 )  c o s ( g ü )
A l s o ,  f o r  f - 1 . 8 2 ,
Xg * 3 .4 2 4 2 4 4 2
y .  -  1 .4 0 8 6 3 0 3
z .  = 3 .4 2 4 2 4 4 2  .
The f i r s t - o r d e r  a p p r o x im a t io n  f o r  3^ i s  g iv e n  by Xg+x^, See F i g .  2 .1  
f o r  g r a p h s  o f  t h e s e  s o l u t i o n s .  N ote  t h a t  i n  F i g s .  2 . 1 - 2 . 3 ,  
L * 0 .58721093 even  th o u g h  t h e  a b s c i s s a  s c a l e  g o e s  t o  0 . 6 .
The v a l u e  o f  AC f o r  t h e  b a s i c  O r e g o n a to r  w i t h  no  d i f f u s i o n  and 
i n i t i a l  c o n d i t i o n s  o f  F i g .  2 .1  i s  r o u g h ly  25 t im e  u n i t s , o r  125 s e c o n d s  
i n  r e a l  t i m e .  When d i f f u s i o n  t e r m s  a r e  a d d ed  one f i n d s  th e  f o l l o w i n g  At 
v a l u e s  f o r  d i f f e r e n t  s i z e  c o n t a i n e r s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CO Page 18
O
X
3
m
i 0 .60.20.0
DISTANCE IN MM
CM
O
o
o
CO
s
0.0 0.2 0.6
DISTANCE IN MM
F i g u r e  2 . 1 :  F i r s t - o r d e r  s o l u t i o n .  "Low" p a r a m e t e r s
f = 1 .8 2  C = 4 .8  X 10” “* L = 0 ,5 8 7 2
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F i g u r e  2 . 2 :  Time e v o l u t i o n  o f  f i r s t - o r d e r  s o l u t i o n  (x  o n l y )
f * 1 . 8 2  C=1 X 10"? 1 = 0 .5 8 7 2
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F i g u r e  2 . 3 ; ( c )  C urve  e v o l v e d  f r o m  f l r s t - o r d e r  s o l u t i o n  
b e g u n  w i t h  0=1 x  10" ? .
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L = 0 .4 8 7  At *» 125 t im e  u n i t s
L * 0 .6 8 7  At -  3000 ”
L -  0 .6 0 0  At « 5 0 0 ,0 0 0  "
L * 0 .5 8 7 2 1 0 9 3  At * 9 0 ,0 0 0 ,0 0 0  "
L « 0 .58721093 mm i s  t h e  c r i t i c a l  l e n g t h  a s s o c i a t e d  w i t h  t h e  5 .3 5 0 0 2 4 0  
v a l u e  f o r  g w / g ) .  F i g u r e  2 . 2  shows t h e  e v o l u t i o n  o f  an  x w aveform  
w i t h  L c r i t i c a l .  B ecau se  t h e  c l o c k  f o r  At b e g i n s  o n ly  when t h e  
a m p l i tu d e  o f  t h e  x  wave r e a c h e s  r o u g h l y  0 . 0 0 1 , i t  makes an  immense 
d i f f e r e n c e  i n  A t w h e th e r  t h e  i n i t i a l  p e r t u r b a t i o n  i s  s e t  w i t h
C » 4 .8 x l0  , i n  w h ich  c a s e  t h e  t  c l o c k  s t a r t s  im m e d ia t e ly ,  o r  i s  s e t
w i t h  C »lx lO  F i g u r e  2 .3  c o n t a i n s  g r a p h s  o f  t h e  i n i t i a l  c o n d i t i o n  f o r
X w i th  0 * 4 .8 x 1 0  f o r  t h e  f i r s t - o r d e r  and  s e c o n d - o r d e r  s o l u t i o n s  ( s e e  
n e x t  s e c t i o n  f o r  a  d i s c u s s i o n  o f  s e c o n d - o r d e r  s o l u t i o n s ) ,  and t h e  g r a p h  
f o r  t h e  0- 10*^ p e r t u r b a t i o n  a f t e r  e i g h t  m i l l i o n  t im e  s t e p s ,  t h e  s t a r t i n g  
p o i n t  f o r  A t i n  t h i s  c a s e .  The t h r e e  g r a p h s  lo o k  v i r t u a l l y  i d e n t i c a l ,  
y e t  A t f o r  t h e  f i r s t  s i t u a t i o n  i s  7 8 5 ,  At f o r  t h e  s e c o n d  i s  792 and  At 
f o r  t h e  t h i r d ,  o r  s m a l l  p e r t u r b a t i o n  c a s e ,  i s  9 0 ,0 0 0 ,0 0 0 .  T h is
d i f f e r e n c e  e x p l a i n s  why m ost i n t e g r a t i o n s  w ere  ru n  w i th  p e r t u r b a t i o n s  
h a v in g  C-10 ^ .
I f  a  s m a l l  i n i t i a l  p e r t u r b a t i o n  h a s  t h e  w rong s h a p e ,  t h e  w avefo rm s
s t i l l  l a s t  a r e a s o n a b l y  lo n g  t im e  i n  a  c o n t a i n e r  o f  th e  p r o p e r  l e n g t h .
F o r  C»10“ ’ and x  *0 w i th  y *z « 1 ,  At i s  s t i l l  a b o u t  2 0 ,0 0 0 .  The l e n g t h& & &
o f  t h e  c o n t a i n e r  i s  t h e  m ost i m p o r t a n t  f a c t o r  i n  t h e  l i f e s p a n  o f  a 
w av efo rm , f o l l o w e d  by t h e  s i z e  o f  t h e  p e r t u r b a t i o n  and  th e n  by t h e  sh a p e
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o f  t h e  p e r t u r b a t i o n .  S m a l l  p e r t u r b a t i o n s  o f  t h e  w rong  s h a p e  t e n d  t o  
e v o l v e  i n t o  wave fo rm s  v e r y  c l o s e  t o  e i t h e r  t h e  f i r s t - o r d e r  s o l u t i o n  
( w i t h  n “ l )  o r  a  v e r s i o n  o f  t h a t  s o l u t i o n  m u l t i p l i e d  by -1  ( i . e . ,  
f l i p p e d ) .
The f i n a l  g r a p h  i n  F i g .  2 . 2  shows a  f l i p  i n  t h e  x  c u r v e  a t  
t - 9 2 x l O * .  T h i s  f l i p  u s u a l l y  o c c u r s  j u s t  b e f o r e  a  s o l u t i o n  f l i e s  o f f  t o  
l a r g e  v a l u e s .  I t  i s  w o r th  n o t i n g  t h a t  t h e  same f l i p  o c c u r s  i n  t h e  
O r e g o n a to r  w i t h  z e r o  d i f f u s i o n .  The f l i p  i s  t h u s  m ore i n d i c a t i v e  o f  
c h e m i c a l  c o n c e n t r a t i o n s  o s c i l l a t i n g  a r o u n d  s t e a d y  s t a t e  v a l u e s  t h a n  i t  
i s  o f  a  d i f f u s i o n  e f f e c t .  C h a r a c t e r i s t i c a l l y ,  so o n  a f t e r  s u c h  a  f l i p  i s  
s e e n ,  t h e  v a l u e  o f  x  f l i e s  up  t o  a r o u n d  1 0 0 0 , t h e  c o n c e n t r a t i o n  c u r v e s  
f l a t t e n  o u t ,  a n d  t h e  w h o le  s y s te m  p r o c e e d s  t o  o s c i l l a t e  i n  u n i s o n ,  a  
f l a t  s o l u t i o n  m ov ing  up  an d  dow n.
3 .  O th e r  P a r a m e t e r s  and  I n i t i a l  C o n d i t i o n s
A t one  p o i n t  i t  was s u s p e c t e d  t h a t  a  s m a 1 1 - a m p l i tu d e  f i r s t - o r d e r  
s o l u t i o n  m ig h t  s t a b i l i z e  i f  t h e  v a l u e  o f  f  was i n  t h e  s t a b l e  
s t e a d y - s t a t e  r e g i o n  o f  t h e  O r e g o n a t o r  w i t h o u t  d i f f u s i o n .  F o r  t h e  "Low" 
p a r a m e t e r s  t h i s  r e g i o n  i s  d e f i n e d  by f < 0 .5 0 2 4  o r  £ > 2 .3 5 4 5 .  
U n f o r t u n a t e l y ,  h o w e v e r ,  s m a l l - s c a l e  s o l u t i o n s  e x i s t  o n ly  when 
0 .6 1 < £ < 1 .8 2 .  The b e s t  way t o  i n c r e a s e  t h e  f  r a n g e  f o r  s o l u t i o n s  w i t h o u t  
c h a n g in g  r e a c t i o n  r a t e  p a r a m e t e r s  i s  t o  i n c r e a s e  t h e  d i f f u s i o n  
c o e f f i c i e n t  f o r  z .  R a i s i n g  a r t i f i c i a l l y  h i g h  t o  0 .1  i n c r e a s e s  t h e  
maximum f  f o r  a  f i r s t - o r d e r  s o l u t i o n  t o  2 . 3  —  n o t  q u i t e  h i g h  e n o u g h .  
O nly  by  s w i t c h i n g  t e m p o r a r i l y  t o  t h e  F i e l d - N o y e s ^  p a r a m e t e r s  i s  i t
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p o s s i b l e  t o  f i n d  a  f i r s t - o r d e r  s o l u t i o n  w i t h  t h e  v a l u e  o f  f  i n  t h e  
s t a b l e  r e g i o n .  The O r e g o n a t o r  u s i n g  FN p a r a m e t e r s  h a s  a  s t a b l e  s t e a d y  
s t a t e  when f  e x c e e d s  1 . 5 2 ;  w i t h  D^-TxlO"*® a  f i r s t - o r d e r  s o l u t i o n  e x i s t s  
f o r  f * 1 . 5 6 .  T h i s  f i r s t - o r d e r  s o l u t i o n  g row s  v e r y  s l o w l y  an d  e v e n t u a l l y  
g o e s  l a r g e ,  j u s t  a s  i n  t h e  p r e v i o u s  e x a m p le .  S e t t i n g  f  g r e a t e r  t h a n  
1 .5 2  d o e s  n o t  r e s u l t  i n  s t a b i l i t y .
C o n s i d e r i n g  a g a i n  t h e  "Low" p a r a m e t e r s  w i t h  f = 1 .8 2  an d  e q u a l  
d i f f u s i o n  c o e f f i c i e n t s ,  i n i t i a l  c o n d i t i o n s  p r o p o r t i o n a l  t o  c o s ( 4 g j l )  
i n s t e a d  o f  c o s (g & )  w e re  g i v e n  t o  t h e  i n t e g r a t o r .  T h e se  a r e  a l s o  
f i r s t - o r d e r  s o l u t i o n s .  F o r  C «10“ ^, t h e  a m p l i t u d e  o f  t h e  c o s (4 g J i )  wave 
s h r a n k  an d  q u i c k l y  e v o l v e d  to w a r d  t h e  ' c o s ( g £ )  s h a p e .  T h i s  b e h a v i o r  
p r o v e s  t o  b e  i m p o r t a n t  ( s e e  C h a p t e r  I V ) .  Waves b a s e d  o n  t h e  o t h e r  
e i g e n v a l u e  f o r  f - 1 . 8 2 ,  g “ 2 8 .6 2 2 7 5 7 ,  w ere  t r i e d .  B e h a v io r  i n  t h i s  c a s e  
i s  n o t  q u a l i t a t i v e l y  d i f f e r e n t  f ro m  t h a t  o f  t h e  f i r s t  e i g e n v a l u e ,
a l t h o u g h  At was an  o r d e r  o f  m a g n i tu d e  s m a l l e r .  F o r  f “ 1 .8 2  w i t h  D% 
i n c r e a s e d  f ro m  1x10  ̂ t o  3xlO ~® , At d e c r e a s e d  t o  6 0 , 0 0 0 .  F o r  f “ 2 .3  and
Dg“ 1 0 , 000x10 At was o n l y  a b o u t  3 0 .
F i g u r e  2 . 4  i s  a  g r a p h  o f  a  c o n t a i n e r  o f  w i d t h  4L i n i t i a l i z e d  w i t h  
f o u r  h a l f - w a v e ,  f i r s t - o r d e r  s o l u t i o n s .  C i s  s e t  a t  1 0 ” ^. A l th o u g h  t h e  
wave k e p t  t h e  s h a p e  shown i n  t h e  f i g u r e  f o r  a  lo n g  t im e  a t  s m a l l
a m p l i t u d e s , i t  a d d e d  a n o t h e r  maximum and  minimum a s  i t  g rew  l a r g e r  and  
becam e v e r y  u n s t a b l e  b e f o r e  r e a c h i n g  t h e  l e v e l  a t  w h ic h  t h e  At c l o c k  i s  
n o r m a l ly  s t a r t e d .  T h i s  a p p e a r a n c e  o f  a  few  m ore  e x t r e m a  t h a n  e x p e c t e d  
i s  common when s t a r t i n g  w i t h  i n t e g e r  m u l t i p l e s  o f  a  c r i t i c a l  l e n g t h .
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E. SECOND-ORDER SOLUTION
I n  t h e  d e v e lo p m e n t  o f  f i r s t - o r d e r  s o l u t i o n s ,  d e f i n i t i o n s  w ere  made 
so  t h a t  Xs"Xo+xi+x** w here  Xg i s  t h e  z e r o c h - o r d e r  s o l u t i o n ,  x^  i s  th e  
f i r s t - o r d e r  te rm  and  Xg t h e  assum ed  x s o l u t i o n  t o  t h e  n o n - l i n e a r  
e q u a t i o n s .  F o l lo w in g  t h r o u g h  w i th  t h e  v a r i a b l e  y a g a i n  as  an  e x a m p le ,  
t h e  f o l l o w i n g  e q u a t i o n  may b e  o b t a i n e d  by s u b s t i t u t i n g  yo+ yi+y**  f o r  yg 
i n  E q . 2 . 2 .
D^(3=yo/3&2) +  D ^ (3 2 y i /3 & :)  +  D '(3 :y** /3& Z)
“  t ( y o + y i+ y * * )  -  f ( z o + Z i+ z * * )  +  ( x o + x i+ x * * ) ( y o + y i+ y * * ) ] /g
A number o f  te rm s  d ro p  o u t  o f  t h i s  e q u a t i o n ,  a s  yo and  y i  s a t i s f y  t h e  
z e r o t h  and  f i r s t - o r d e r  d i f f e r e n t i a l  e q u a t i o n s .  Now, im a g in in g  a ** te rm  
to  h a v e  a  s u b s c r i p t  v a l u e  o f  2 , th ro w  away any  te rm  on  t h e  r i g h t  whose 
s u b s c r i p t s  t o t a l  t h r e e  o r  m o re .  S in c e  y**<<yi<<yo f t h e s e  te rm s  a r e  
assum ed  t o  b e  s m a l l  com pared  t o  t h e  r e m a in in g  o n e s .  C a l l i n g  t h e  
v a r i a b l e s  f o r  t h i s  s e c o n d - o r d e r  e q u a t i o n  x z , y z , and  z z , th e n
X * *  » xz +  X * * *  y* *  ■ yg +  y***  z* *  * Zz +  z***
w here
X * * *  < <  X z  y * * *  < <  y 2 2 * * *  < <  2 2
The t h r e e  s e c o n d - o r d e r  e q u a t i o n s  a r e
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D ^ O  X2/3£.^) = s[-X2-yz+ x o Y 2+ X 2 7 0 +  * 1 7 1 +  2qxoX2+ qx^]
Dy(3^y2/&&^) •  [ y z -  f z 2+  x o y 2+  yoX2+  x i y i ] / s  E q . 2 .9
D ^ O ^ Z 2 /3 i l^ )  * W[Z2- X2 ]
B ecause  t h e  z e r o t h  and  f i r s t - o r d e r  s o l u t i o n s  s a t i s f i e d  t h e  b o u n d a ry  
c o n d i t i o n s  o f  z e r o  s l o p e  a t  t h e  en d s  o f  t h e  c o n t a i n e r  and b e c a u s e  t h e  
s e c o n d - o r d e r  s o l u t i o n s  e q u a l  xo+xi+X 2 , e t c . ,  t h e  s e c o n d - o r d e r  te rm  m ust 
a l s o  h a v e  z e r o  s l o p e  a t  t h e  e n d s .  I n s e r t i n g  t h e  e x p l i c i t  f i r s t - o r d e r  
s o l u t i o n ,  n o t i n g  t h a t  c o s  ( g & ) - l / 2 [ l + c o s ( 2 g & ) ] ,  and  a s s u m in g  a  fo rm  f o r  
Xz * yz and  zz o f
X2 » cos(2g& )
yz -  Ay +  By co s(2 g & ) Eq. 2 .1 0
Zz = A^ +  B^ cos(2g& )
t h e  t h r e e  e q u a t i o n s  w i t h  b o u n d a ry  c o n d i t i o n s  become
( 4 g 2 B ^ D p / s  = (1 -  y o -  2qxo)B^ +  ( l - X o ) B y  -  Cx^y^+ q x ^ ) / 2
Ag^ByD^s -  -yoB^ -  (1 + Xo)By + fB^ -  (x^y^)/2
( 4 g : B ,D ' ) / w  -  -  B,
The t h r e e  e q u a t i o n s  f o r  A^, Ay and  A^ l o o k  l i k e  t h e  t h r e e  e q u a t i o n s  j u s t
p r e s e n t e d  b u t  w i t h  a l l  B ^ 's  s e t  t o  A ^ 's  and  g s e t  t o  z e r o .  The p ro g ram
INS.COS s o l v e s  t h e s e  e q u a t i o n s .  C l e a r l y  t h e  s e c o n d - o r d e r  t e r m s ,  b e in g  
o f  t h e  fo rm  e x p r e s s e d  i n  E q . 2 , 1 0 ,  s a t i s f y  t h e  b o u n d a ry  c o n d i t i o n s .
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As m ig h t  b e  e x p e c t e d ,  t h e  m a g n i tu d e  o f  t h e  s e c o n d - o r d e r  t e r m s  i s  
a p p r o x i m a t e l y  t h e  s q u a r e  o f  t h e  m a g n i tu d e  o f  t h e  f i r s t - o r d e r  t e r m s .  
When, a s  i s  m o s t  e f f e c t i v e ,  t h e  i n t e g r a t o r  i s  g i v e n  a n  i n i t i a l  
f i r s t - o r d e r  t e r m  o f  o r d e r  10 t h e  s e c o n d - o r d e r  te rm  i s  o f  o r d e r  10 
Even i n  GEARB c a l c u l a t i o n s  s u c h  e x t r e m e  p r e c i s i o n  i s  l o s t .  When 
C =4 .8x lO  i s  u s e d  t o  s e t  t h e  i n i t i a l  c o n d i t i o n s .  At f o r  t h e  f i r s t - o r d e r  
s o l u t i o n  i s  785 w h i l e  t h a t  f o r  t h e  s e c o n d - o r d e r  s o l u t i o n  i s  7 9 2 .  As 
m e n t io n e d  e a r l i e r ,  A t f o r  a  s o l u t i o n  w h ic h  e v o l v e s  f ro m  a  C*»10~’' 
f i r s t - o r d e r  p e r t u r b a t i o n  i s  a p p r o x i m a t e l y  90 m i l l i o n .  The a d d i t i o n  o f  a  
s e c o n d - o r d e r  t e r m  t o  a  f i r s t - o r d e r  s o l u t i o n  i s  n o t  e f f e c t i v e  i n  
i n c r e a s i n g  t h e  l o n g e v i t y  o f  w a v e fo r m s .  F i g u r e  2 . 5  shows t h e  
s e c o n d - o r d e r  s o l u t i o n  when C = l .  I t  i s  o n l y  a t  t h i s  l e v e l  o f  
p e r t u r b a t i o n  t h a t  t h e  s e c o n d - o r d e r  t e r m  b ecom es  o b v io u s  t o  t h e  e y e .
F .  CONCLUSION
F o r  a  c r i t i c a l  l e n g t h  an d  a  s l i g h t  p e r t u r b a t i o n ,  t h e  GEARB 
i n t e g r a t o r  g i v e s  x ,  y a n d  z w av e fo rm s  l o o k i n g  l i k e  h a l f  w a v e le n g th  
c o s i n e  w aves  w hose  a m p l i t u d e s  a r e  r e l a t e d  t o  t h e  v a l u e s  o f  t h e  
e i g e n v e c t o r  c h o s e n .  T h e s e  q u a s i - s t a b l e  w a v e fo rm s  i n  some c a s e s  grow  
s lo w ly  o v e r  m i l l i o n s  o f  t im e  u n i t s ,  o r  s e v e r a l  y e a r s  i n  r e a l  t i m e .  The 
l a r g e r  t h e i r  a m p l i t u d e s  b e co m e , t h e  f a s t e r  t h e s e  w aves  g ro w .  By t h e  
t im e  t h e y  r e a c h  t h e  r e a l m  w h e re  t h e y  m ig h t  b e  e x p e r i m e n t a l l y  o b s e r v a b l e ,  
t h e y  a r e  q u i t e  v o l a t i l e ,  q u i c k l y  m o v in g  t o  l a r g e - s c a l e  f o r m s .  The 
l i f e s p a n s  o f  t h e s e  s m a l l - s c a l e  w aves  a r e  m o s t s e n s i t i v e  t o  t h e  s i z e  o f  
t h e  c o n t a i n e r .  They  a l s o  r e s p o n d  t o  t h e  s i z e  o f  t h e  p e r t u r b a t i o n  w h ic h
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i n i t i a t e s  th e m , and  t o  some e x t e n t  t o  t h e  s h a p e  o f  t h a t  p e r t u r b a t i o n .
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CHAPTER I I I  
LARGE-AMPLITUDE, TIME-INDEPENDENT SOLUTIONS
A. PHASE-SPACE ANALYSIS OF THE BASIC OREGONATOR
I t  i s  v a l u a b l e  b e f o r e  c o n s i d e r i n g  t h e  O r e g o n a to r  c o u p le d  w i th  
d i f f u s i o n  t o  p r e s e n t  a  b r i e f  a n a l y s i s  o f  why t h e  b a s i c  O r e g o n a to r  
( w i th o u t  d i f f u s i o n )  o s c i l l a t e s  f o r  a p p r o p r i a t e  v a l u e s  o f  f .  The k i n e t i c  
e q u a t i o n s  a r e
( d x / d t )  * s ( y  -  xy  +  X -  qx®)
( d y / d t )  * ( - y  -  xy  +  f z ) / s  Eq. 2 .1 1
( d z / d t )  a  w(x -  z )
They r e p r e s e n t  t h e  c h a n g e s  w i t h  t im e  i n  b u l k  c h e m ic a l  c o n c e n t r a t i o n s  i n  
a  w e l l - s t i r r e d  c o n t a i n e r .  One c o u ld  lo o k  a t  t h e  t h r e e  d i m e n s i o n a l  p h a s e  
s p a c e  f o r  x ,  y and z ,  b u t  s i n c e  z c o u p le s  f a i r l y  s im p ly  w i th  t h e  x  and  y
e q u a t i o n s ,  and s i n c e  z c h a n g e s  r e l a t i v e l y  s lo w ly  com pared  t o  x  and  y (w
i s  c o n s i d e r a b l y  l e s s  t h a n  s o r  1 / s ) ,  i t  i s  s i m p l e r  t o  l o o k  a t  t h e  two
d im e n s io n a l  x -y  p h a s e  s p a c e .  F i r s t  assum e t h a t  z i s  a  c o n s t a n t  and  th e n
l e t  z c h a n g e .
F ig u r e  3 .1  shows i n  t h e  x - y  p l a n e  t h e  i s o c l i n e s ,  o r  l i n e s  d e f i n e d  
by l e t t i n g  e a c h  t im e  d e r i v a t i v e  e q u a l  z e r o .  S e t t i n g  y * 0 ,
y  =  f z / ( 1  +  x )  .
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I s o c l i n e s  i n  p h a s e  s p a c e  o v e r  t i m e .
"Low” p a r a m e t e r s  £ -1
( a )  z=4 (b )  z = 4 9 .5  ( c )  z=350
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S e t t i n g  x«0 g i v e s
y  = (x  -  q x * ) / ( x  -  1) .
The y*0 i s o c l i n e  i s  a  h y p e r b o l a  w i t h  a s y m p to te s  a t  x — 1 and y " 0 .  Only 
m a th e m a t i c a l  b e h a v i o r  i n  t h e  f i r s t  q u a d r a n t  i s  o f  i n t e r e s t  a s  
c o n c e n t r a t i o n s  m ust b e  p o s i t i v e .  The y*0 i s o c l i n e  o p e n s  upw ard  i n  t h i s  
r e g i o n ,  an d  th e  x«0 i s o c l i n e  i s  m o n o to n ie  d e c r e a s i n g  f ro m  i t s  a s y m p to te  
a t  x * l .  The l a t t e r  i s o c l i n e  i s  n e g a t i v e  i n  t h e  r e g i o n  0 < x < l ,  so t h i s  
p o r t i o n  o f  t h e  i s o c l i n e  i s  n o t  o f  i n t e r e s t .  The x»0 i s o c l i n e  h a s  one 
i n f l e c t i o n  p o i n t  a t  x " ( l - q ) / 2 q  and c r o s s e s  t h e  a b s c i s s a  a t  x = l / q .  N ote  
t h a t  t h e  x«0  i s o c l i n e  i s  in d e p e n d e n t  o f  z .  F i g u r e  3 .1 b  shows t h e  
i s o c l i n e s  when z = 4 9 .5 ,  t h e  s t e a d y  s t a t e  z  v a l u e  f o r  t h e  O re g o n a to r  
sy s te m  when f " l .  Log s c a l e s  on  t h e  a x e s  h e l p  c l a r i f y  t h e  i n t e r s e c t i o n s  
o f  t h e  two c u r v e s  and  a l s o  make t h e  e f f e c t  o f  r a i s i n g  o r  lo w e r in g  t h e  
v a l u e  o£ z b e  r o u g h l y  t o  r a i s e  o r  lo w e r  t h e  y*0  i s o c l i n e .  See  F i g s .  
3 . 1 a , b , c ,  I n  a  g u e s t  l e c t u r e  a t  t h e  U n i v e r s i t y  o f  M o n tan a ,  P r o f e s s o r  
W il l ia m  C, T roy  o f  t h e  U n i v e r s i t y  o f  P i t t s b u r g h  p o i n t e d  o u t  t h e  v a l u e
o f  t h e s e  d ia g ra m s  a s  a  t o o l  f o r  u n d e r s t a n d i n g  why t h e  O r e g o n a to r
o s c i l l a t e s .
F ig u r e  3 .2  i s  an  e n l a r g e d  v e r s i o n  o f  i s o c l i n e s  w i t h  z « 4 9 .5 .  I f  a  
t r a j e c t o r y  s t a r t s  a t  any p o i n t  i n  t h i s  p h a s e  s p a c e  and i t  i s  assum ed 
t e m p o r a r i l y  t h a t  z r e m a in s  c o n s t a n t ,  t h e  t r a j e c t o r y  w i l l  e x te n d  th r o u g h  
t h e  s p a c e  a s  t im e  e v o l v e s .  I f  t h e  t r a j e c t o r y  moves a c r o s s  t h e  x=0 
i s o c l i n e ,  i t  m ust be  m oving  i n  a  v e r t i c a l  d i r e c t i o n ,  a s  d x / d t = 0 .
S i m i l a r l y ,  i f  a  p a t h  moves a c r o s s  t h e  y=0 i s o c l i n e ,  i t  m ust move
h o r i z o n t a l l y .  V e r t i c a l  and  h o r i z o n t a l  l i n e s  a r e  d raw n  on th e  i s o c l i n e s
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i n  F i g .  3 . 2  a s  a  r e m i n d e r  o f  t h i s  b e h a v i o r .
L o o k in g  a t  t h e  s i g n s  o f  x  an d  y on  e i t h e r  s i d e  o f  t h e  i s o c l i n e s ,  i t  
i s  c l e a r  t h a t  i f  b o t h  x  a n d  y s t a r t  l a r g e ,  t h e y  w i l l  b o t h  g e t  s m a l l e r ,  
f o r  i n  t h a t  c a s e  t h e  x^ and  xy  t e r m s  w i l l  d o m in a te  t h e  e q u a t i o n s .  T h i s  
g e n e r a l  d i r e c t i o n  o f  m o t io n  (down a n d  t o  t h e  l e f t )  i s  i n d i c a t e d  by t h e  
d o u b le  a r ro w s  i n  t h e  u p p e r  r i g h t  c o r n e r  o f  F i g .  3 . 2 .  Â t r a j e c t o r y  
m oving  down w i l l  c o n t i n u e  t o  do so  u n t i l  i t  c r o s s e s  t h e  y«0  i s o c l i n e .  
On t h e  o t h e r  s i d e  o f  t h a t  i s o c l i n e  i t  w i l l  a lw a y s  move u p .  T h i s  i s  t r u e  
b e c a u s e ,  v e r y  n e a r  t h e  y i s o c l i n e ,  x  i s  m o n o to n ie  an d  d y / d t  v a r i e s  
l i n e a r l y  w i t h  x ,  A s i m i l a r  s w i t c h  i n  h o r i z o n t a l  d i r e c t i o n  w i l l  o c c u r  a s  
t h e  t r a j e c t o r y  c r o s s e s  t h e  x=0 i s o c l i n e .  U s in g  t h i s  i n f o r m a t i o n  i t  i s  
n o t  d i f f i c u l t  t o  d ra w  d o u b l e  a r r o w s  i n d i c a t i n g  t r a j e c t o r y  d i r e c t i o n s  i n  
e a c h  m a jo r  r e g i o n  o f  p h a s e  s p a c e .  R em em bering  t h a t  a  t r a j e c t o r y  o n ly  
moves h o r i z o n t a l l y  o r  v e r t i c a l l y  when on  one o f  t h e  i s o c l i n e s ,  i t  i s  
t h e n  p o s s i b l e  t o  s k e t c h  i n  t h e  r o u g h  c h a r a c t e r  o f  t h e  t r a j e c t o r i e s  f o r  
t h e s e  e q u a t i o n s ,  a s  h a s  b e e n  done  i n  F i g .  3 . 2 .  I n  t h i s  c a s e  t h e r e  a r e  
two s t a b l e  n o d e s  a n d  a  c e n t r a l  u n s t a b l e  n o d e .  A l l  t r a j e c t o r i e s  e v o l v e  
to w a rd  t h e  s t a b l e  n o d e s .
The ab o v e  a n a l y s i s  w as m ade a s s u m in g  t h a t  z i s  c o n s t a n t .  Now 
c o n s i d e r  w hat h a p p e n s  when z b e g i n s  t o  m ove . Remember t h a t  x  an d  y move 
m ore q u i c k l y  i n  t i m e  t h a n  d o e s  z .  S u p p o se  t h e  O r e g o n a t o r  s t a r t s  a t  
p o i n t  A i n  F i g ,  3 . 1 b  w i t h  z s e t  i n i t i a l l y  a t  4 9 . 5 .  The t r a j e c t o r y  w i l l  
q u i c k l y  move c l o s e  t o  t h e  r i g h t - h a n d  e q u i l i b r i u m  p o i n t  a n d  x  w i l l  
a p p r o a c h  1 0 0 0 .  H owever d z / d t = w ( x - z ) * w ( 1 0 0 0 - 4 9 . 5 ) ,  so  z w i l l  g r a d u a l l y
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g e t  l a r g e r ,  r a i s i n g  t h e  y=0 i s o c l i n e .  The t r a j e c t o r y  w i l l  f o l l o w  t h e  
s lo w ly -m o v in g ,  a t t r a c t i v e  e q u i l i b r i u m  p o i n t  u n t i l  t h e  y«0 i s o c l i n e  
r e a c h e s  a  p o s i t i o n  l i k e  t h a t  i n  F i g .  3 . 1 c .  A t t h a t  t im e  t h e  n a t u r e  o f  
t h e  t r a j e c t o r i e s  h a s  c h a n g e d .  The r i g h t - h a n d  s t a b l e  no d e  and th e  
u n s t a b l e  n o d e  h a v e  come t o g e t h e r  and  d i s a p p e a r e d ;  s u d d e n ly  a l l  
t r a j e c t o r i e s  a r e  d raw n t o  t h e  one r e m a in in g  a t t r a c t i v e  node  on th e  l e f t .  
The t r a j e c t o r y  b e i n g  f o l l o w e d  w i l l  q u i c k l y  move n e a r  t h e  l e f t - h a n d  n o d e .  
The v a l u e  o f  z h ad  b een  p u l l e d  up  t o  a b o u t  330 b e f o r e  t h e  d i s a p p e a r a n c e  
o f  t h e  two n o d e s .  Now, h o w e v e r ,  x « l  so  d z / d t = w ( l - 3 5 0 ) ,  a  n e g a t i v e  
num ber. The v a l u e  o f  z d e c r e a s e s  and  t h e  y-O i s o c l i n e  d r o p s .  The 
t r a j e c t o r y  t h i s  t im e  f o l l o w s  t h e  l e f t  e q u i l i b r i u m  p o i n t  u n t i l  t h e  
s i t u a t i o n  p i c t u r e d  i n  F i g .  3 . 1 a  o c c u r s ,  a t  w h ic h  t im e  t h e  t r a j e c t o r y  
moves t o  t h e  r i g h t  a g a i n .  T h i s  c y c l e  c o n t i n u e s ,  c r e a t i n g  c o n t in u o u s  
p e r i o d i c  o s c i l l a t i o n s  i n  t h e  O r e g o n a t o r .
B. WIND INTERPRETATION OF PHASE SPACE
Now c o n s i d e r  t h e  O r e g o n a to r  w i t h  d i f f u s i o n .  The e q u a t i o n s  f o r  
t im e - in d e p e n d e n t  s o l u t i o n s  a r e
-  D^(d^x/diL^) * s ( y  -  xy  +  X -  q x^)
- D ^ ( d ^ y /d £ ^ )  » (~y -  xy  +  f z ) / s  Eq. 2 .1 2
- D ^ ( d ^ z / d £ ^ )  » w(x -  z )
The r i g h t - h a n d  s i d e s  o f  t h e s e  e q u a t i o n s  a r e  t h e  same a s  th o s e  i n  t h e  
p r e v i o u s  a n a l y s i s .  F i g u r e  3 . 3  shows t h e  c u r v e s  i n  p h a s e  s p a c e  o b t a i n e d  
by a s su m in g  z c o n s t a n t  and  s e t t i n g  s u c c e s s i v e l y  t h e  seco n d  d e r i v a t i v e  o f
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X a n d  y t o  z e r o .  T h e s e  c u r v e s  a r e  t h e  same a s  t h e  i s o c l i n e s  d raw n  i n  
F i g .  3 . 2 ,  b u t  s i n c e  a  s e c o n d  d e r i v a t i v e ,  n o t  a  f i r s t ,  i s  s e t  t o  z e r o ,  
t h e y  a r e  no l o n g e r  i s o c l i n e s .  M o re o v e r ,  now d i s t a n c e  moves a  t r a j e c t o r y  
t h r o u g h  p h a s e  s p a c e  when t h e  c o n t a i n e r  i s  s c a n n e d  f ro m  one s i d e  t o  t h e
o t h e r .  S in c e  c o n t a i n e r s  a r e  f i n i t e ,  t h e  l i n e s  i n  p h a s e  s p a c e  m u s t  a l s o
b e  f i n i t e .
I n  d e v e l o p i n g  a  f e e l i n g  f o r  w h ic h  t r a j e c t o r i e s  c a n  s a t i s f y  t h e
g i v e n  b o u n d a ry  c o n d i t i o n s ,  i t  i s  h e l p f u l  t o  c o n s i d e r  t e m p o r a r i l y  t h e  
in d e p e n d e n t  v a r i a b l e  d i s t a n c e  a s  a  p s e u d o - t i m e .  T h i s  c h a n g e  i n
v i e w p o i n t  s h o u ld  n o t  b e  c o n f u s i n g  s i n c e  t h e  s o l u t i o n s  t o  t h e  O r e g o n a t o r  
c o n s i d e r e d  h e r e  a r e  i n d e p e n d e n t  o f  r e a l  t i m e .  The d e r i v a t i v e  d x /d &  th e n  
i s  i n t e r p r e t e d  a s  a  v e l o c i t y  w i t h  u n i t s  mm  ̂ an d  t h e  s e c o n d  s p a t i a l  
d e r i v a t i v e  becom es an  a c c e l e r a t i o n  w i t h  u n i t s  mm U s in g  p s e u d o - t i m e ,  
a  t r a j e c t o r y  c r o s s i n g  t h e  x "  =0 l i n e  t h e n  h a s  a  z e r o  a c c e l e r a t i o n ,  o r  
c o n s t a n t  v e l o c i t y ,  i n  t h e  h o r i z o n t a l  d i r e c t i o n .  A p a r a l l e l  s t a t e m e n t  i s  
t r u e  f o r  t h e  y "  »0 l i n e .  E q .  2 .1 2  c a n  now b e  i n t e r p r e t e d  a s  an  
e q u a t i o n  o f  m o t io n  f o r  a  k i n d  o f  f o r c e  w hose  m a g n i tu d e  and  d i r e c t i o n  a t  
an y  p o i n t  i n  p h a s e  s p a c e  i s  g i v e n  by  t h e  e x p r e s s i o n s  on t h e  r i g h t  s i d e s  
o f  E q . 2 . 1 2 .  T h i s  " f o r c e "  h a s  d i m e n s io n s  o f  mm C a l l  t h i s  f o r c e  a 
c h e m i c a l  w in d .  T r a j e c t o r y  m o t io n  i s  c o n t r o l l e d  by t h e s e  w i n d s .  The 
d i r e c t i o n s  o f  t h e  p o s s i b l e  e x t r e m e s  o f  t h e  w in d s  i n  e a c h  r e g i o n  o f  s p a c e  
a r e  i n d i c a t e d  i n  F i g .  3 . 3  by  d o u b l e  a r r o w s .  S i n c e  t h e  e q u a t i o n s  d i f f e r  
o n ly  by a  c o n s t a n t  and  a  m in u s  s i g n  f ro m  t h o s e  i n  t h e  p r e v i o u s  s e c t i o n ,  
t h e  d o u b le  a r ro w s  a r e  e x a c t l y  r e v e r s e d  f ro m  t h e  o n e s  i n  F i g .  3 . 2 .  The 
s h o r t  l i n e s  d raw n on  t h e  x ” *0 an d  y "  “ 0 l i n e s  t h i s  t im e  i n d i c a t e  t h e
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d i r e c t i o n  o f  t h e  w in d  a t  t h o s e  p o i n t s  ( n o t  t h e  d i r e c t i o n  o f  t h e  
t r a j e c t o r y ) .  P o i n t s  o f  i n t e r s e c t i o n  a r e  p o i n t s  w i t h  no  w ind  a t  a l l .
Now c o n s i d e r  t h e  b o u n d a r y  c o n d i t i o n s  o f  da/d& =dy/d& =0 a t  t h e  s i d e s  
o f  t h e  c o n t a i n e r .  I n  r e a l  s p a c e  t h e s e  z e r o  f i r s t  d e r i v a t i v e s  mean t h a t  
c o n c e n t r a t i o n s  do n o t  c h a n g e  a t  t h e  w a l l s  o f  t h e  c o n t a i n e r ;  i n  p h a s e  
s p a c e  u s i n g  p s e u d o —t i m e  t h e y  mean t h a t  a  p o i n t  sw e e p in g  o u t  a  t r a j e c t o r y  
m ust h a v e  z e r o  v e l o c i t y  a t  t h e  b e g i n n i n g  a n d  end  o f  i t s  p a t h .  The u s e  
o f  t h i s  w in d  a r t i f i c e ,  th o u g h  n o t  h e l p f u l  i n  s e l e c t i n g  s p e c i f i c  
t r a j e c t o r i e s ,  now m akes i t  p o s s i b l e  t o  s e e  a t  a  g l a n c e  w ha t t y p e s  o f  
t r a j e c t o r i e s  p o s s i b l y  c a n  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s .  A t r a j e c t o r y  
s t a r t i n g  a t  p o i n t  A i n  F i g .  3 . 3  w ou ld  c o n t i n u o u s l y  a c c e l e r a t e  up an d  t o  
t h e  r i g h t .  A lw ays m ov ing  w i t h  t h e  w in d ,  a s  i t  w e r e ,  t h e r e  i s  n o  way 
t h a t  t h e  m oving  p o i n t  c o u ld  S low  down and  s t o p .  Y e t  i t s  v e l o c i t y  m ust 
b e  z e r o  when t h e  f a r  w a l l  i s  r e a c h e d .  T h i s  c o n t r a d i c t i o n  i n d i c a t e s  t h a t  
t h e r e  i s  no  t i m e - i n d e p e n d e n t  s o l u t i o n  t h a t  s t a r t s  a t  p o i n t  A ( n o t e  a g a i n  
t h a t  a t  t h i s  s t a g e  z i s  a s su m e d  c o n s t a n t ) .  The o n ly  way t h a t  a  p o i n t  
sw e e p in g  o u t  a  t r a j e c t o r y  c a n  s lo w  an d  s t o p  i s  i f  i t s  m o t io n  t a k e s  i t  
i n t o  a  r e g i o n  w h e re  i t  i s  m ov ing  d i r e c t l y  i n t o  t h e  w in d  a r r o w s .  T h i s  
m o t io n  c a n  o n ly  h a p p e n  i f  t h e  p o i n t  moves f ro m  one o f  t h e  r e g i o n s  
b e tw ee n  t h e  u n s t a b l e  n o d e  an d  a s t a b l e  n o d e  t o  t h e  o t h e r  s u c h  r e g i o n .  
See a s  an  e x am p le  l i n e  S-S* i n  F i g .  3 . 3 .  C h an g es  i n  z h a v e  n o t  y e t  
b e e n  t a k e n  i n t o  a c c o u n t  i n  t h i s  d i s c u s s i o n ,  n o r  h a s  t h e  q u e s t i o n  o f  t h e  
t im e  s t a b i l i t y  o f  s u c h  a  s o l u t i o n  a s  l i n e  S-S* i n  t h e  f a c e  o f  s m a l l ,  
random  s p a t i a l  p e r t u r b a t i o n s  b e e n  a d d r e s s e d .  H o w ev e r ,  i t  i s  i n  t h e  a r e a  
j u s t  d e s c r i b e d  t h a t  s t a b l e  s o l u t i o n s  a r e  f o u n d .
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F o l l o w i n g  E r m e n t r o u t ,  H a s t i n g s  a n d  Troy^** i n  t h e i r  a n a l y s i s  o f  a 
t w o - v a r i a b l e  m o d e l  w h ic h  h a s  s i m i l a r i t i e s  t o  t h e  t h r e e  v a r i a b l e  
s i t u a t i o n ,  i n v e s t i g a t i o n s  i n  t h i s  w ork  w e re  b e g u n  by r a i s i n g  Dg 
a r t i f i c a l l y  h i g h ,  f ro m  1x10 ® t o  1 0 ,0 0 0 x 1 0  S in c e  i n  a
t i m e - i n d e p e n d e n t  s o l u t i o n  o f  E q . 2 . 1 2 ,  d ^ z /d 2 ^ » » w (z -x ) /D g ,  m ak in g
v e r y  l a r g e  m akes t h e  v a r i a t i o n s  i n  z q u i t e  s m a l l .  P i c k i n g  f = 2 . 5  and  
l e a v i n g  a l l  r a t e  c o n s t a n t s  and  d i f f u s i o n  c o e f f i c i e n t s  e x c e p t  Dg a t  t h e i r  
n o rm a l  "Low" v a l u e s ,  t h e  p ro g ra m  WIND f i n d s  t h a t  t h e  x  ' =0 an d  y "  =0 
l i n e s  i n t e r s e c t  i n  t h r e e  p o i n t s  o n ly  when z i s  b e tw e e n  2 .3 3  and  1 2 5 .4 0 .  
An i n t e r m e d i a t e  v a l u e  z^  w as p i c k e d  a n d  t h e  GEARS i n t e g r a t o r  was 
i n i t i a l i z e d  by s e t t i n g  t h e  z v a l u e  f o r  a l l  250  s p a t i a l  p o i n t s  e q u a l  t o  
Z]^. WIND a l s o  g i v e s ,  f o r  t h e  c h o s e n  v a l u e  t h e  x  a n d  y v a l u e s  a t
t h e  t h r e e  i n t e r s e c t i o n  p o i n t s .  N o te  t h a t  t h e s e  p o i n t s  c o r r e s p o n d  t o  t h e  
s t a b l e  an d  u n s t a b l e  n o d e s  i n  p h a s e  s p a c e  o v e r  t im e  ( s e e  F i g .  3 . 2 ) .  
C o n c e n t r a t i o n s  f o r  x  a n d  y w e re  i n i t i a l i z e d  a s  a  s q u a r e  p u l s e  s h a p e ,  
m ak ing  t h e  p u l s e  h e i g h t  e q u a l  t o  t h e  x  a n d  y c o n c e n t r a t i o n s  a t  one
s t a b l e  n o d e  and  t h e  q u i e s c e n t  h e i g h t  e q u a l  t o  t h e  v a l u e s  a t  t h e  o t h e r
s t a b l e  n o d e .  See  F i g . 3 . 4 .  Use o f  t h e s e  i n i t i a l  c o n d i t i o n s  was an
e d u c a t e d  g u e s s  b a s e d  on  t h e  c o n c l u s i o n  d raw n  f ro m  p h a s e - s p a c e  d ia g r a m s  
t h a t  any  t i m e - i n d e p e n d e n t  s o l u t i o n  t o  t h e  O r e g o n a t o r  m ust h a v e  p o i n t s  
som ewhere i n  t h e  two c l o s e d  r e g i o n s  d e f i n e d  by t h e  i n t e r s e c t i o n  o f  t h e  
x'* *0 and  y "  =0 l i n e s .  The w a v e fo rm s  q u i c k l y  e v o lv e  t o  t h e  s t a b l e
s h a p e s  shown i n  F i g .  3 . 5 .  F i g u r e  3 . 6 a  shows t h e  x - y  p h a s e - s p a c e
d ia g r a m  f o r  t h i s  s o l u t i o n ,  an d  F i g .  3 . 6 b  shows t h e  x  "  *0 an d  y ' ' = 0
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( a )  P h a s e - s p a c e  g r a p h  o f  s t a b l e  s o l u t i o n  i n  F i g .  3 .5  
Numbers on  p a t h  i n d i c a t e  d i s t a n c e  i n  r e a l  s p a c e .
(b )  Wind d i a g r a m  w i t h  l o g ( z ) = 1 .8 6 3
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l i n e s  f o r  e q u a l  t o  t h e  minimum z v a l u e  o v e r  a l l  250 s p a t i a l  p o i n t s .  
H e r e t o f o r e ,  t h e  t y p e  o f  l i n e s  shown i n  F i g .  3 . 6 b  w i l l  b e  r e f e r r e d  t o  a s  
t r a d e  l i n e s ,  and  t h e  d ia g r a m  a s  a  w h o le  w i l l  b e  c a l l e d  a  w in d  d i a g r a m .  
A w in d  d ia g r a m  u s i n g  Z|  ̂ s e t  t o  t h e  maximum v a l u e  f o r  t h e  z v a r i a b l e  i n  
t h i s  s o l u t i o n  lo o k s  v i r t u a l l y  i d e n t i c a l  t o  t h e  d ia g r a m  shown f o r  t h e  
minimum z ,  f o r  z c h a n g e s  v e r y  l i t t l e .  When i s  r e d u c e d  t o  l»O O O xlO "s, 
a  s i m i l a r  s t a b l e  s o l u t i o n  i s  f o u n d ,  th o u g h  t h i s  t i m e  z  d o e s  c h a n g e  
a p p r e c i a b l y .  F o r  =100x10 ^ ,  t h e  w a v e fo rm s  c h a n g e  s h a p e  w i t h  t im e  and  
do n o t  s t a b i l i z e .
I f  f  i s  r e d u c e d  t o  1 . 0  a n d  t h e  w a v e fo rm s  i n i t i a l i z e d  a s  d e s c r i b e d  
ab o v e  ( s e t t i n g  an  x - y  p u l s e  t i e d  t o  t h e  two e x t r e m e  i n t e r s e c t i o n  p o i n t s  
i n  a  w ind  d ia g r a m  an d  u s i n g  a n  a p p r o p r i a t e  g u e s s  f o r  z ^ ) ,  a  s t a b l e  
s o l u t i o n  i s  fo u n d  e v e n  when i s  a s  low  a s  1 0 0 x l0 ~ ^ .  S e t t i n g  f = 0 . 6 ,  
D g= 50x l0"s  an d  r e i n i t i a l i z i n g  i n  t h e  u s u a l  m a n n e r ,  t h e  s t a b l e  wave fo rm s  
shown i n  F i g .  3 . 7  a r e  f o u n d .  F i g u r e  3 . 8  shows t h e  p h a s e - s p a c e  d ia g r a m  
f o r  t h i s  s o l u t i o n ,  an d  a l s o  two w ind  d i a g r a m s .  F i g u r e  3 .8 b  i s  d raw n  
w i t h  z ^  s e t  a t  i t s  minimum v a l u e  an d  F i g .  3 . 8 c  i s  w i t h  z ^  a t  i t s  
maximum. N o te  i n  t h e  e a r l i e r  s o l u t i o n ,  shown i n  F i g .  3 . 6 ,  t h a t  i f  t h a t  
w ind  d ia g r a m  i s  l a i d  on  to p  o f  t h e  p h a s e - s p a c e  d i a g r a m ,  t h e  s o l u t i o n  
g o e s  v i r t u a l l y  f ro m  one  s t a b l e  n o d e  t o  a n o t h e r .  H e re  t h e  p h a s e - s p a c e  
d ia g ra m  i s  m ore c o m p l i c a t e d ,  th o u g h  s t i l l  u s e f u l .  P o i n t  A i n  t h e  p h a s e  
d ia g ra m  ( F i g .  3 . 8 a )  c o r r e s p o n d s  t o  t h e  l e f t  n o d e  i n  t h e  w ind d ia g r a m  
f o r  s m a l l  Z]^. As z i n c r e a s e s  ( i n  r e a l  s p a c e  z i s  s m a l l  on  t h e  r i g h t  
s i d e  o f  t h e  c o n t a i n e r ,  so  m o t i o n  t o  i n c r e a s e  z i s  a c t u a l l y  f ro m  r i g h t  t o  
l e f t  i n  r e a l  s p a c e ) ,  t h e  w in d  d ia g r a m  g r a d u a l l y  c h a n g e s  f ro m  t h a t  i n
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F i g .  3 . 8 b  t o  t h a t  i n  F i g .  3 . 8 c .  The p h a s e - s p a c e  t r a j e c t o r y  f o l l o w s
t h e  l e f t  s t a b l e  n o d e  a s  i t  s lo w ly  r i s e s .  When t h e  p o i n t  i s  r e a c h e d
w h ere  x  an d  y c h a n g e  m a g n i t u d e s ,  t h e  p h a s e - s p a c e  p o i n t  jum ps  q u i c k l y  
f ro m  t h e  l e f t  t o  t h e  r i g h t  s t a b l e  n o d e .  T h i s  jump i s  b e t t e r  im aged  by 
s a y i n g  t h a t  t h e  s o l u t i o n  i s  s t r e t c h e d  b e tw e e n  two n o d e s .  The lo n g  p a r t  
o f  t h e  t r a j e c t o r y  a c t u a l l y  i n v o l v e s  o n ly  a  r e l a t i v e l y  few  s p a t i a l  
p o i n t s .  The j o g  i n  t h e  r i g h t - h a n d  e n d  o f  t h e  p h a s e - s p a c e  d ia g r a m  can  b e  
s e e n  t o  f o l l o w  t h e  s lo w ly  m o v in g  r i g h t - h a n d  n o d e .  A l l  s t a b l e  w av efo rm s  
w h ic h  e v o lv e d  on  t h e  GEARB i n t e g r a t o r  w e re  s t r e t c h e d  b e tw e e n  t h e  two 
s t a b l e  n o d e s .  No o t h e r  t r a j e c t o r i e s  o f  t h o s e  s u g g e s t e d  a s  p o s s i b l e  by 
t h e  w in d  d ia g r a m s  e v e r  s t a b i l i z e d .
T h e re  a r e  t h r e e  c o n d i t i o n s  w h ic h  seem  t o  b e  n e c e s s a r y  i f  a  g i v e n  
w avefo rm  i s  t o  b e  s t a b l e .  F i r s t  t h e  y t r a d e  l i n e  m ust i n t e r s e c t  t h e  x
t r a d e  l i n e  i n  t h r e e  p o i n t s  f o r  e v e r y  v a l u e  o f  z i n  t h e  s o l u t i o n .  I n
one c a s e  t h e r e  seem ed  t o  b e  a  v i o l a t i o n  o f  t h i s  r u l e :  t h e  t r a d e  l i n e s
i n t e r s e c t e d  i n  o n ly  one  p o i n t  o v e r  m o s t  o f  s p a c e ,  y e t  t h e  x  an d  y 
w avefo rm s w e re  v e r y  n a r r o w  s t a b l e  s p i k e s  c e n t e r e d  i n  t h e  m id d le  o f  a  
v e r y  w id e  c o n t a i n e r .  S u s p e c t i n g  t h a t  s u c h  a  l a r g e  n a r r o w  s p i k e  m ig h t  be  
a n u m e r i c a l  a r t i f a c t  o f  GEARB, t h e  num ber o f  s p a t i a l  p o i n t s  f o r  t h e  
g iv e n  c o n t a i n e r  w i d t h  was i n c r e a s e d  f r o m  250 t o  1 1 2 5 .  The s p i k e s  w e re  
i n d e e d  a r t i f a c t s  an d  d i s a p p e a r e d  on  t h i s  f i n e r  g r i d .  One o f  t h e  m ore 
t y p i c a l  s o l u t i o n s  was a l s o  t e s t e d  o n  t h i s  f i n e r  g r i d  and  t h a t  s o l u t i o n  
was u n c h a n g e d  ( F i g .  3 . 7 ) .
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The s e c o n d  n e c e s s a r y  c o n d i t i o n  f o r  s t a b l e  w a v e fo rm s  i s  t h a t  a l l  
v a l u e s  o f  z  i n  a  s o l u t i o n  m u st b e  b e tw e e n  t h e  h i g h  an d  low v a l u e s  o f  x .  
T h i s  c o n d i t i o n  c a n  b e  s e e n  m a t h e m a t i c a l l y .  I f  z s t a r t s  l a r g e r  t h a n  a l l  
v a l u e s  o f  x ,  t h e  z c u r v e  w i l l  i n i t i a l l y  h a v e  a  p o s i t i v e  c u r v a t u r e  s i n c e  
d ^ z /d £ ^ = ® -w (x -z ) /D ^ .  S i n c e  z s t a r t s  w i t h  z e r o  s l o p e ,  t h i s  c u r v a t u r e  w i l l  
make z  l a r g e r .  E v e r  l a r g e r  v a l u e s  o f  z f o r c e  t h e  c u r v a t u r e  t o  r e m a in  
p o s i t i v e .  The i n f l e c t i o n  p o i n t  n e c e s s a r y  t o  a l l o w  z  t o  h a v e  a  z e r o  
s l o p e  a t  t h e  f a r  w a l l  c a n  n e v e r  o c c u r .  I f  z s t a r t s  w i t h i n  t h e  b o u n d s  o f  
t h e  X r a n g e  b u t  g ro w s  l a r g e r  t h a n  t h e  l a r g e s t  x ,  i t  w i l l  h a v e  a  p o s i t i v e  
s l o p e  a s  i t  l e a v e s  t h e  r a n g e .  A g a i n ,  p o s i t i v e  s l o p e  and  a lw a y s  l a r g e r  
p o s i t i v e  c u r v a t u r e  a t  a  p o i n t  m eans  t h e  z  c u r v e  c a n  n e v e r  l e v e l  o f f  a s  
i s  n e c e s s a r y  when a  w a l l  i s  r e a c h e d .  S i m i l a r  r e a s o n i n g  h o l d s  f o r  t h e  
c a s e  w h ere  z becom es s m a l l e r  t h a n  t h e  minimum x .  The v a l u e  o f  z m ust
s t a y  w i t h i n  t h e  r a n g e  o f  x .  A s e a r c h  f o r  c o n t r a d i c t i o n s  t o  t h i s  r u l e
y i e l d e d  n o n e .
The t h i r d  c o n d i t i o n  i s  t h a t  n e i t h e r  t h e  w i d t h  o f  t h e  c o n t a i n e r  n o r  
t h e  w i d t h  o f  t h e  i n i t i a l  p u l s e  c a n  b e  t o o  s h o r t .  The a p p r o p r i a t e  p u l s e  
an d  c o n t a i n e r  w i d t h s  f o r  a  s e t  o f  d i f f u s i o n  c o e f f i c i e n t s  a r e  
e x t r a p o l a t e d  f ro m  e a r l i e r  s t a b l e  s o l u t i o n s  w h ic h  w ere  fo u n d  f o r  s i m i l a r  
p a r a m e t e r s .
The q u e s t i o n  o f  w h ic h  i n i t i a l  w a v e fo rm s  w i l l  e v o l v e  i n  t im e  to  
s t a b l e  s h a p e s  was s t u d i e d .  I n i t i a l  c o n d i t i o n s  n e e d  n o t  b e  s e t  
p r e c i s e l y .  The z v a l u e s  c a n  b e  s e t  a t  any  r e a s o n a b l e  v a l u e  b e tw e e n  t h e
h i g h  and  low x  v a l u e s .  The r e s t r i c t i o n s  on i n i t i a l  x  and  y v a l u e s ,  when
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s t a r t i n g  w i t h  p u l s e  w a v e s h a p e s ,  c a n  b e s t  b e  d e s c r i b e d  i n  r e f e r e n c e  t o  
F i g .  3 . 2 ,  w h e re  t im e  i s  t h e  i n d e p e n d e n t  v a r i a b l e .  Most p o i n t s  i n  a  
r e c t a n g u l a r  p u l s e  h a v e  z e r o  c u r v a t u r e .  T hus t h e  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  ( E q s .  1 . 2 - 1 . 4 )  w h ic h  d e s c r i b e  t h e  i n i t i a l  t im e  e v o l u t i o n  o f  
t h e  i n p u t  p u l s e  a r e ,  f o r  m o s t  p o i n t s ,  v i r t u a l l y  i d e n t i c a l  t o  t h e  
t i m e - d e p e n d e n t  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  ( E q .  2 . 1 1 )  f o r  t h e  
O r e g o n a to r  w i t h o u t  d i f f u s i o n .  When a n  i n i t i a l  p u l s e  h a s  p o i n t s  i n  p h a s e  
s p a c e  on e i t h e r  s i d e  o f  t h e  s e p a r a t r i x  ( a  l i n e  w h ic h  d i v i d e s  p h a s e  s p a c e  
o v e r  t im e  i n t o  two a t t r a c t i v e  r e g i o n s ) ,  e a c h  p o i n t  w i l l  q u i c k l y  move 
c l o s e  t o  one  o r  t h e  o t h e r  o f  t h e  n o d e s ,  c r e a t i n g  a  p u l s e d  w av efo rm  q u i t e  
c l o s e  t o  a  s t a b l e  w a v e fo rm . T h i s  r e s t r i c t i o n  l e a v e s  g r e a t  l a t i t u d e  i n  
i n i t i a l  c o n d i t i o n s .
D. INITIAL SURVEY OF SOLUTIONS
Two p a r a m e t e r s ,  f  and  , w e re  m a n i p u l a t e d  i n  a t t e m p t s  t o  m ee t  t h e  
t h r e e  c o n d i t i o n s  p r e s e n t e d  a b o v e .  Though c h a n g in g  f  moves t h e  p o s i t i o n  
o f  t h e  y t r a d e  l i n e ,  t h e  r e l a t i o n s h i p  o f  f  and  t o  t h e  v a l u e s  o f  z i n  
a  s t a b l e  s o l u t i o n  i s  n o t  y e t  c l e a r .  T a b le  3 .1  su m m a riz e s  t h e  
e x p e r i m e n t a l  f i n d i n g s  t h u s  f a r .
M ost o f  t h e  s t a b l e  w a v e fo rm s  l i s t e d  i n  T a b l e  3 .1  lo o k  b a s i c a l l y  
l i k e  t h o s e  o f  F i g .  3 . 7 .  I t  seem s t h a t  i n  t h o s e  w av efo rm s  t h e r e  m u s t  b e  
a  s u f f i c i e n t  d i s t a n c e  a f t e r  t h e  p u l s e  f o r  z t o  g r a d u a l l y  a d j u s t  t o  a  
l i n e  whose s l o p e  i s  z e r o .  L e n g t h e n i n g  t h e  c o n t a i n e r  b eyond  a  c r i t i c a l  
minimum l e n g t h  d o e s  n o t  a f f e c t  t h e  w a v e s h a p e .  N o te  t h a t  s i n c e  t h e s e  
s o l u t i o n s  h a v e  z e r o  s l o p e s  a t  t h e  e d g e s ,  i t  i s  p o s s i b l e  t o  p l a c e  two
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f D *10S z P u l s e  W id th z  v a l u e s
A llo w e d  
z R ange
U - U n s ta b l e
S - S t a b l e
2 . 5 1 0 ,0 0 0 0 . 7 5  mm 7 2 . 9 - 7 6 . 3 2 . 3 - 1 2 5 . 4 S
2 . 5 100 ---- z > 1 2 5 .4 2 . 3 - 1 2 5 . 4 U
1 .0 100 0 . 8 5  mm 2 1 -2 1 5 5 . 8 - 3 1 3 S
0 . 6 100 1 .8 0  mm 4 7 -4 0 4 9 .7 - 5 2 2 S
0 . 6 50 1 .3 0  mm 1 4 -4 1 0 9 .7 - 5 2 2 S
* * 0 .6 10 1 .1 0  mm 5 7 -4 2 2 9 .7 - 5 2 2 S
0 . 6 3 — z > 522 9 .7 - 5 2 2 U
0 . 6 1 — z > 522 9 .7 - 5 2 2 Ü
0 . 1 100 4 .2 5  mm 2 5 1 -1 1 2 2 5 8 .1 - 3 1 3 5 S
0 . 1 10 — z < 5 8 .1 5 8 .1 - 3 1 3 5 Ü
0 .0 1 10 — z < 581 5 8 1 - 3 1 ,3 5 0 U
T a b le .  3 . 1 :  Summary o f  s t a b i l i t y  r e s u l t s  f o r  a  r a n g e  o f  v a l u e s
f o r  f  a n d  D .z
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s u c h  s o l u t i o n s  s i d e  by  s i d e .  M aking  u s e  o f  t h e s e  p e r i o d i c  b o u n d a r y  
c o n d i t i o n s  i t  i s  p o s s i b l e  t o  c o n s t r u c t ,  f o r  e x a m p le ,  s o l u t i o n s  h a v i n g  
one  p u l s e  ( d o u b l e  t h e  n o r m a l  w i d t h )  c e n t e r e d  i n  a  c o n t a i n e r ,  o r  s i n g l e  
p u l s e s  a t  e a c h  e d g e  o f  a  c o n t a i n e r  w h ic h  i s  t w i c e  t h e  n o r m a l  minimum 
w i d th  ( s e e  F i g .  4 . 3 ) .
T h e re  i s  one  s t a b l e  w a v e fo rm ,  t h e  one  m a rk e d  **  i n  T a b le  3 .1  an d  
e x h i b i t e d  i n  F i g .  4 . 1 ,  w h ic h  seem s t o  h a v e  a  d i f f e r e n t  c h a r a c t e r  t h a n  
t h e  o t h e r s .  T h i s  w a v e fo rm  p r o v i d e s  a  l i n k  b e tw e e n  s m a l l - s c a l e  
q u a s i - s t a b l e  s o l u t i o n s  a n d  l a r g e - s c a l e  s t a b l e  s o l u t i o n s .  I t  w i l l  be  
d i s c u s s e d  i n  t h e  n e x t  c h a p t e r .
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CHAPTER IV
CONNECTIONS AND SPECULATIONS: WORK IN PROGRESS
A . CONNECTIONS
The s p e c i a l  s t a b l e  w a v efo rm  a l l u d e d  t o  a t  t h e  end  o f  t h e  p r e v i o u s
c h a p t e r  h a s  an  f  v a l u e  o f  0 .6  a n d  D^ e q u a l  t o  l O x l C 's  , The z d i f f u s i o n
c o e f f i c i e n t ,  o n l y  t e n  t i m e s  g r e a t e r  t h a n  t h o s e  o f  x  and  y ,  i s  t h e  
s m a l l e s t  v a l u e  f o r  w h ic h  t im e —in d e p e n d e n t  w a v e fo rm s  h a v e  t h u s  f a r  b e en  
f o u n d .  The u n i q u e  p r o p e r t y  o f  t h i s  s o l u t i o n  i s  t h a t  i t  seem s t o  r e p e a t  
i t s e l f  u n t i l  i t  f i l l s  w h a t e v e r  s i z e  c o n t a i n e r  i t  i s  i n .  W ith  t h e  o t h e r  
s o l u t i o n s  i n  T a b le  3 . 1 ,  a  s i n g l e  p u l s e  c o u l d  b e  s t a b i l i z e d  no  m a t t e r  how 
lo n g  t h e  c o n t a i n e r .  H e r e ,  r e p e t i t i v e  p a t t e r n s  a p p e a r .  F i g u r e  4 . 1  shows 
t h e  e v o l u t i o n  o f  s u c h  a  r e p e t i t i v e  s o l u t i o n  f ro m  a n  i n i t i a l  c o n d i t i o n  o f  
a  s i n g l e  p u l s e .
Even m ore  f a s c i n a t i n g  i s  t h e  c o n n e c t i o n  b e tw e e n  t h i s  r e p e t i t i v e  
l a r g e - a m p l i t u d e  s o l u t i o n  a n d  t h e  s m a l l - a m p l i t u d e  s o l u t i o n s .  To s e e  t h i s  
c o n n e c t i o n ,  p u t  a s i d e  t h e  q u a s i - s t a b i l i t y  o f  t h e  s m a l l  s o l u t i o n s  and
i n s t e a d  f o c u s  on  t h e i r  s h a p e  a n d  a t t r a c t i v e  p o w e r .  F o r  f = 0 .6  and
D g=10xl0  ^ , SMALL r e v e a l s  t h a t  t h e r e  i s  a  s m a l l  f i r s t - o r d e r  
t i m e - i n d e p e n d e n t  s o l u t i o n .  The two c h o i c e s  f o r  t h e  c r i t i c a l  l e n g t h  f o r  
s u c h  a  s o l u t i o n  a r e  0 .3 3 3 5 1 5 8 1  an d  2 .1 3 0 9 0 0 0  mm. As n o t e d  i n  C h a p t e r  
I I ,  any  s m a l l  p e r t u r b a t i o n  o f  s t e a d y - s t a t e  v a l u e s  i n  a  c o n t a i n e r  o f  t h e  
c r i t i c a l  l e n g t h  e v o l v e s  i n t o  a  c u r v e  f o r  e a c h  v a r i a b l e  a p p r o a c h i n g  a
h a l f  w a v e le n g th  o f  a  c o s i n e  c u r v e .  P e r t u r b a t i o n s  i n  a  c o n t a i n e r  o f
59
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t w i c e  t h e  c r i t i c a l  l e n g t h  seem  t o  e v o l v e  t o  a  w h o le  ( tw o  h a l f )  c o s i n e  
c y c l e .  Of c o u r s e  t h e s e  c u r v e s  a r e  n o t  s t a b l e .  A c o n t a i n e r  e i g h t  t im e s  
t h e  c r i t i c a l  l e n g t h  p r o d u c e s  f o u r  f u l l  c o s i n e  w aves  i f  t h e  p r o p e r  
i n i t i a l  p e r t u r b a t i o n s  a r e  u s e d .  M o re o v e r ,  an y  s m a l l  p e r t u r b a t i o n  l e a d s  
t o  r o u g h l y  f o u r  c o s i n e  c y c l e s ,  o r  a t  l e a s t  som ew here b e tw e e n  t h r e e  and  
f i v e  c y c l e s .
I t  h a p p e n s  t h a t  f o r  f = 0 . 6  t h e  c r i t i c a l  l e n g t h  o f  2 .1 3 0 9  mm f o r  t h e  
s m a l l - a m p l i t u d e  s o l u t i o n  i s  a p p r o x i m a t e l y  t h e  l e n g t h  o f  h a l f  a  c y c l e  o f  
t h e  l a r g e - s c a l e  s t a t i o n a r y  s o l u t i o n  m ark ed  w i t h  * *  i n  T a b l e  3 . 1 .  
S e l e c t i n g  a  c o n t a i n e r  l e n g t h  o f  8 x 2 .1 3 0 9  mm an d  p e r t u r b i n g  t h e  
c o n c e n t r a t i o n s  i n  i t  i n  t h e  a p p r o p r i a t e  m an n er  d e s c r i b e d  i n  C h a p t e r  I I  
l e a d s  t o  a  s m a 1 1 - a m p l i tu d e  s o l u t i o n  o f  f o u r  f u l l  c y c l e s .  T h i s  s o l u t i o n  
i n  t u r n  g row s  u n t i l  i t s  p e a k s  g o  v e r y  l a r g e .  The l a r g e  p e a k s  a r e  c l o s e  
en o u g h  t o  t h e  s t a b l e  l a r g e - s c a l e  s o l u t i o n  t h a t  t h e  c u r v e  s t a b i l i z e s .  
F i g u r e  4 . 2  shows t h i s  p r o c e s s .  The f i n a l  s t a b l e  c u r v e s  a r e  s l i g h t l y  
d i f f e r e n t  t h a n  t h e  s o l u t i o n  p i c t u r e d  i n  F i g .  4 . 1 ,  b u t  b a s i c a l l y  t h e  
sam e . I d e a l  i n i t i a l  c o n d i t i o n s  w e re  u s e d  t o  make t h i s  p r o c e s s  h a p p e n ,  
b u t  s i n c e  a n y  i n i t i a l  p e r t u r b a t i o n  e v o l v e s  t o  a  s m a l l  w avefo rm  w i t h  
r o u g h l y  t h e  p r o p e r  num ber o f  p e a k s ,  i t  seem s t h a t  any  s m a l l  p e r t u r b a t i o n  
i n  a  c o n t a i n e r  o f  t h e  p r o p e r  l a i g t h  h a s  a  g o o d  c h a n c e  o f  e v o l v i n g  i n t o  a 
l a r g e - a m p l i t u d e  s t a b l e  p a t t e r n .  The s p e c i a l  c h a r a c t e r  o f  t h e  f " 0 . 6  and  
D g-lO xlO  ® p a r a m e t e r s ,  p l u s  t h e  s i m i l a r i t y  i n  t h e  c r i t i c a l  l e n g t h  o f  
s m a 1 1 - a m p l i tu d e  w av e fo rm s  and  t h e  h a l f  w a v e l e n g t h  o f  t h e  l a r g e ,  s t a b l e  
s o l u t i o n s ,  c r e a t e  a  s i t u a t i o n  w h e re  l a r g e - s c a l e  s t a b l e  p a t t e r n s  a r e  
a lm o s t  c e r t a i n  t o  r e s u l t  f ro m  ran d o m  p e r t u r b a t i o n s  o f  a  f l a t  s t a t e .
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B. SPECULATIONS
T h e re  a r e  tw o a r e a s  i n  w h ic h  s p e c u l a t i o n  a r i s i n g  fro m  th e  f i n d i n g s  
o f  t h i s  w ork  i s  m e r i t e d .  T he f i r s t  i s  s u g g e s te d  by F i g .  4 . 3 .  M u rray ^^  
h a s  c o n s id e r e d  t h a t  c h e m ic a l  m o rp h o g en s  m ig h t h a v e  d i f f e r e n t  d i f f u s i o n  
c o e f f i c i e n t s  t h a n  o t h e r  s i g n i f i c a n t  c h e m ic a ls  i n  a  r e a c t i o n .  I t  i s  
known t h a t  t h e  d i f f u s i o n  c o e f f i c i e n t s  o f  m a c ro m o le c u le s  a r e  i n  t h e  r e a lm  
o f  100 to  1 ,0 0 0  t im e s  l e s s  th a n  th o s e  o f  m uch s m a l l e r  i n o r g a n ic  
m o le c u le s .  F o r  f = 1 .0  an d  d i f f u s i o n  c o e f f i c i e n t s  r e d u c e d  t o  D^“Dy=10“  ̂
and  D g - lO " ^ , F i g .  4 .3  show s s t a b l e  w av efo rm s  w i th  a  g r e a t  i n c r e a s e  i n  x  
c o n c e n t r a t i o n  an d  a  d e c r e a s e  i n  y  c o n c e n t r a t i o n  a t  t h e  e d g e s  o f  a  
c o n t a i n e r .  I f  x  an d  y a r e  a ssu m ed  t o  b e  m a c ro m o le c u le s  i n  some c h e m ic a l
s y s te m  w i th  p r o p e r t i e s  s i m i l a r  t o  t h e  O r e g o n a to r ,  t h e  c h e m ic a l
d i s t r i b u t i o n  o f  F i g .  4 .3  i s  s u g g e s t i v e  o f  a  s i t u a t i o n  c o n d u c iv e  t o  th e
f o r m a t io n  o f  c e l l  w a l l s .
S e c o n d , i t  i s  i n t e r e s t i n g  t o  r e l a t e  t h e  s p e c i a l  l a r g e - s c a l e
w av efo rm s ( F i g .  4 . 2 )  t h a t  e v o lv e d  fro m  s m a l l  p e r t u r b a t i o n s  t o  
e x p e r im e n ta l  w ork b y  S h o w a lte r^ *  a n d  O rb a n ^ ^ . S h o w a l te r  w o rk ed  w i th  a 
f e r r o i n - b r o r n a t e  s y s te m  i n  a  p e t r i  d i s h  an d  fo u n d  p a t t e r n s  w h ic h  a p p e a re d  
su d d e n ly  an d  seem ed t o  r e m a in  c o m p le te ly  s t a b l e  f o r  a  p e r i o d  o f  a b o u t  
f i v e  m in u te s .  He a t t r i b u t e d  t h e s e  p a t t e r n s  t o  a  c o n v e c t iv e  i n s t a b i l i t y .  
S i m i l a r  s t r u c t u r e s  w ere  o b s e r v e d  i n  a  r e l a t e d  c h e m ic a l  s y s te m  by O rb a n , 
who a s c r i b e d  them  t o  th e  sam e c a u s e  a s  S h o w a l te r .  O rban  s u p p o r te d  t h i s  
c o n c lu s io n  by d e s c r i b i n g  how t h e  p la c e m e n t  o f  a  g l a s s  p l a t e  on  to p  o f  
t h e  p e t r i  d i s h  s to p p e d  t h e  p a t t e r n s  fro m  a p p e a r i n g .  The w ork  p r e s e n t e d
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h e r e  r e o p e n s  th e  p o s s i b i l i t y  t h a t  s u c h  p a t t e r n s  may b e  c a u s e d  p r i m a r i l y  
by  t h e  i n t e r a c t i o n  o f  c h e m ic a l  k i n e t i c s  an d  d i f f u s i o n .  A lth o u g h  th e  
v a l u e  o f  Dg i s  s t i l l  t e n  t im e s  l a r g e r  th a n  p h y s i c a l l y  l i k e l y *  i t  i s  
n o te w o r th y  t h a t  t h e  w id th  o f  t h e  n u m e r ic a l  p u l s e s  i n  F i g .  4 .2  a r e  o f  
th e  sam e o r d e r  o f  m a g n itu d e  a s  t h o s e  s e e n  by  S h o w a l te r  and  O rb a n . The 
d i s a p p e a r a n c e  o f  t h e  p a t t e r n s  w hen t h e  d i s h  i s  c o v e re d  c o u ld  b e  
e x p la i n e d  by  a  c h a n g e  i n  t h e  p a r a m e te r  f  d u e  t o  a  c h a n g e  i n  a v a i l a b l e  
oxy g en  i n  t h e  s p a c e  b e tw e e n  t h e  l i q u i d  a n d  th e  g l a s s  p l a t e ^  .
C . SUMMARY
L a r g e - a m p l i tu d e  t im e - in d e p e n d e n t  s o l u t i o n s  t o  th e  O re g o n a to r  
r e a c t i o n - d i f f u s i o n  e q u a t i o n s  a r e  fo u n d  f o r  th e  "Low" p a r a m e te r  s e t  o v e r  
a  r a n g e  o f  f  fro m  0 .1  to  2 .5  an d  a  r a n g e  o f  o f  10~^ to  0 .1  c m ^ sec~ ^ . 
S i m i l a r  s t a b l e  s o l u t i o n s  a r e  a l s o  fo u n d  f o r  s e v e r a l  o t h e r  p a r a m e te r  s e t s  
in c lu d in g  t h e  F ie I d - N o y e s ,  o r  " H ig h " ,  v a l u e s ,  an d  a  s e t  w i th  d i f f u s i o n  
c o e f f i c i e n t s  f o r  x  a n d  y  r e d u c e d  t o  a  l e v e l  a p p r o p r i a t e  f o r  
m a c r o m o le c u le s .  I n  x - y  p h a s e  s p a c e  w i th  d i s t a n c e ,  n o t  t im e ,  a s  th e  
in d e p e n d e n t  v a r i a b l e ,  t h e  s o l u t i o n s  s t r e t c h  b e tw e e n  th e  two e x tre m e  
i n t e r s e c t i o n  p o i n t s  o f  t h e  x " = 0  an d  y "  =0 c u r v e s  (nam ed t r a d e  l i n e s ) ,  
f o l lo w in g  t h e s e  i n t e r s e c t i o n  p o i n t s  a s  t h e  l a t t e r  c u rv e  s h i f t s  w i th  
c h a n g e s  i n  z .  T h re e  n e c e s s a r y  c r i t e r i a  a r e  p ro p o s e d  f o r  t h e  e x i s t e n c e  
o f  s t a b l e  s o l u t i o n s .  F i r s t ,  t h e  x  an d  y t r a d e  l i n e s  m u st i n t e r s e c t  a t  
t h r e e  p o i n t s  f o r  e v e r y  v a lu e  o f  z i n  t h e  s o l u t i o n .  S e c o n d , a l l  z v a lu e s  
m ust l i e  w i t h i n  t h e  r a n g e  o f  x  v a l u e s .  F i n a l l y ,  a p p r o p r i a t e  minimum 
l e n g t h s  f o r  an  i n i t i a l  p u l s e  a n d  f o r  a  c o n t a i n e r  m ust b e  s e l e c t e d .  As
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w as s u g g e s te d  by  th e  p h a s e - s p a c e  d ia g ra m  o f  F i g .  3 . 3 ,  s o l u t i o n s  a r e  
fo u n d  t o  b e g in  an d  e n d  i n  t h e  r e g i o n s  o u t l i n e d  by  th e  i n t e r s e c t i o n  o f  
t h e  t r a d e  l i n e s .
S m a l l - a m p l i tu d e  s o l u t i o n s  t o  t h e  f i r s t  and  s e c o n d - o r d e r  p e r t u r b e d  
r e a c t i o n - d i f f u s i o n  e q u a t i o n s  a r e  fo u n d ,  by a n a l y t i c a l  m e th o d s , to  e x i s t  
f o r  c r i t i c a l  l e n g t h s  o f  th e  c o n t a i n e r .  C r i t i c a l  l e n g t h s ,  L , d e p en d  on 
r a t e  c o n s t a n t s  an d  d i f f u s i o n  c o e f f i c i e n t s .  F i r s t - o r d e r  s o l u t i o n s  f o r  x ,  
y and  z  a r e  e a c h  p r o p o r t i o n a l  t o  t h e  sam e c o s in e  te r m ,  w i th  th e  r a t i o  o f  
t h e i r  a m p l i tu d e s  f i x e d  by an  e i g e n v e c t o r .  S m a l l - a m p l i tu d e  p e r t u r b a t i o n s  
o f  t h i s  fo rm  a r e  q u a s i - s t a t i c ,  c h a n g in g  m uch m ore s lo w ly  th a n  
p e r t u r b a t i o n s  i n  c o n t a i n e r s  o f  a r b i t r a r y  l e n g t h ,  an d  m ore  s lo w ly  th a n  
p e r t u r b a t i o n s  o f  a r b i t r a r y  s h a p e .  S e c o n d - o r d e r  te rm s  do n o t  ad d  
s i g n i f i c a n t l y  t o  th e  l i f e t i m e  o f  s m a l l - a m p l i t u d e  w a v e fo rm s .
Though f i r s t - o r d e r  s o l u t i o n s  a r e  o f  t h e  fo rm  c o s ( n n /L )  f o r  any  
i n t e g e r  n ,  s m a l l  p e r t u r b a t i o n s  seem  t o  e v o lv e  to w a rd  th e  c o s in e  sh ap e  
w i th  n = l .  W ith  f = 0 .6  a n d  D g-lO x lO  a  s m a l l  p e r t u r b a t i o n  i s  sh a p e d  
s u f f i c i e n t l y  by  t h i s  te n d e n c y  w h i l e  s t i l l  a t  a  s m a l l  a m p l i tu d e  t o  grow  
to  a  s t a b l e  l a r g e - a m p l i t u d e  s o l u t i o n .  The e x i s t e n c e  o f  s t a b l e  w av efo rm s 
may h a v e  s i g n i f i c a n c e  i n  e x p l a n a t i o n s  o f  m o rp h o g e n e s is ,  th e  f o r m a t io n  o f  
c e l l  w a l l s ,  and  c e r t a i n  r e s u l t s  s e e n  i n  t h e  BZ r e a c t i o n .
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D . WORK TO BE DONE
T h e re  a r e  t h r e e  c l e a r  a r e a s  f o r  f u r t h e r  r e s e a r c h .  The m ost 
p r e s s i n g  i s  t o  ex am in e  i n  m ore  d e p th  th e  * *  w av efo rm  i n  T a b le  3 . 1 .  I s  
t h a t  w av efo rm  q u a l i t a t i v e l y  d i f f e r e n t  th a n  th e  o t h e r  s t a b l e  s o l u t i o n s ?  
L o o k in g  a t  t h e  t im e - in d e p e n d e n t  d i f f e r e n t i a l  e q u a t i o n  f o r  z ,  one  w ould  
t h i n k  t h a t  a s  t h e  v a l u e  o f  d e c r e a s e d ,  t h e  r a n g e  z t a k e s  i n  a  s t a b l e  
s o l u t i o n  w o u ld  i n c r e a s e .  O f c o u r s e ,  i f  t h e  r a n g e  o f  z i n c r e a s e s  to o  
m uch, one  o f  t h e  t h r e e  n e c e s s a r y  c r i t e r i a  f o r  s t a b i l i t y  w i l l  b e  b ro k e n  
an d  s t a b l e  s o l u t i o n s  w i l l  n o t  e x i s t .  B u t ,  a s  t h e  v a lu e  o f  Dg i s  
d e c r e a s e d  fro m  50x10  ̂ t o  1 0 x 1 0 ^ ,  t h e  r a n g e  o f  z d o e s  n o t  i n c r e a s e  a s  
e x p e c te d — r a t h e r ,  i t  d e c r e a s e s  I I s  i t  p o s s i b l e  t o  p r e d i c t  a n a l y t i c a l l y  
f o r  a  g iv e n  s e t  o f  p a r a m e te r s  w h a t t h e  r a n g e  o f  z w i l l  b e ?  F u r t h e r  
a t t e m p t s  t o  f i n d  s t a b l e  s o l u t i o n s  w i th  D^ r e d u c e d  b e lo w  1 0 x l0 "S  s h o u ld  
b e  m ad e . Can D^ b e  m ade a s  s m a l l  a s  D^ an d  D^? Can i t  be  made s m a l l e r ,  
and  w i l l  t h e  r e s u l t i n g  i n c r e a s e  i n  t h e  m o tio n  o f  th e  y t r a d e  l i n e  
r e q u i r e  a  d i f f e r e n t  ty p e  o f  a n a l y s i s ?  V a lu e s  o f  f  b e tw e e n  0 .2  and  0 .9  
s h o u ld  c e r t a i n l y  b e  e x p lo r e d  m ore  th o r o u g h ly  i n  a n  a t t e m p t  t o  d e c r e a s e
®z-
Â se c o n d  q u e s t i o n  t o  b e  c l a r i f i e d  i s  b a s e d  on th e  e v o l u t i o n  fro m  
s m a l l - a m p l i tu d e  q u a s i - s t a t i c  w a v e fo rm s  t o  l a r g e  s t a b l e  f o r m s . The 
s m a l l - a m p l i tu d e  c a l c u l a t i o n s  d o n e  f o r  t h i s  w ork  f o c u s e d  on th e  l o n g e v i ty  
o f  w av efo rm s r a t h e r  th a n  on  t h e  s h a p e  w h ic h  th e y  te n d  t o  a ssu m e . I s  a  
c o n t a i n e r  o f  c r i t i c a l  l e n g th  n e c e s s a r y  f o r  random  s m a l l  p e r t u r b a t i o n s  o f  
a  f l a t  c o n c e n t r a t i o n  c u rv e  t o  e v o lv e  t o  a  u n iq u e  sh a p e ?  Why, when th e
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Page 73
c o n t a i n e r  l e n g t h  w as e i g h t  t im e s  a  c r i t i c a l  l e n g t h , d o e s  an  e x t r a  
e x tre m a  a p p e a r  o r  d i s a p p e a r ?  W hat h a p p e n s  when lo n g e r  c o n t a i n e r  l e n g t h s  
a r e  u s e d ?  F o r  w h a t p a r a m e te r s  w i l l  s m a l l  p e r t u r b a t i o n s  e v o lv e  i n t o  
s t a b l e  l a r g e  w av efo rm s?
F i n a l l y  1 a  t h i r d  d i r e c t i o n  f o r  r e s e a r c h  i s  a p p a r e n t .  Many m o d e ls  
f o r  t h e  BZ r e a c t i o n  in v o lv e  tw o o r  t h r e e  s p a t i a l  d im e n s io n s .  I t  w ould  
b e  i n t e r e s t i n g  t o  know w hat s t a b l e  w av efo rm s  e x i s t  f o r  th o s e  h i g h e r  
d i m w s i o n a l  c a s e s .
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The f o l l o w i n g  v a l u e s  a r e  t h e  "Low" p a r a m e te r s  .
P a r a m e te r V a lu e U n i ts
AS[BrO“ ] 0 .0 6 M
BS[BrO” i 0 .0 6 M
1x10 s cm^s
K I x lO 'S cm ^s
DÏ 1 x 1 0 " : cm^s
[B*-1 0 .8 M
k i 2x[H +]2 M - is -
kz lx lO * x [H + ] M - is -
ks 10x(H + l M "^s"
k t 2000 H * "s"
ks 0 .0 1 M - is -
f o l l o w i n g  c o n s t a n t s a r e  th e n  c o m p u te d .
s
q
w
2 .5
0 .0 0 0 8
0 .0 5 2 0 8 3
The f o l lo w in g  a r e  GEARS p a r a m e t e r s .
HO «  1x10
MF -  21
EPS = 1x10
- 7
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APPENDIX 2 
STABILITY DIAGRAM
S t a b l e
S ta b l e
U n s ta b le
O
( 0 . 0 1 , 2 . 3 5 4 5 )
( 0 . 0 , 2 . 4 0 6 2 ) -
, ( 0 .0 , 0 . 5 0 2 4 )
0.80 2.001.20 1.60
C a l c u l a t i o n s  f o r  t h e  d ia g ra m  a b o v e  w e re  m ade by  th e  p ro g ram  REG.FOR 
(A pp. 3 )  u s in g  E q s .  20 an d  22 fro m  a 1974  a r t i c l e  by M u rray  ( s e e  
R e f e r e n c e  1 3 ) .  The d ia g ra m  d e p i c t s  f o r  w hat v a l u e s  o f  f  and  kg th e  
s t e a d y - s t a t e  s o l u t i o n  o f  t h e  b a s i c  O re g o n a to r  i s  s t a b l e  and  u n s t a b l e .  
T h e re  a r e  no  d i f f u s i o n  t e r m s ,  and  "Low" p a r a m e te r s  a r e  u s e d .
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APPENDIX 3 
COMPUTER PROGRAMS
THIS APPENDIX CONTAINS THE FOLLOWING PROGRAMS : 
PARSET.FOR 
NSET.FOR 
GOING,FOR 
PDB.FOR 
DIFFUN.FOR 
PATT.FOR 
INS.COS 
INS.PUL 
PICTUR.FOR 
PIC.FO R 
RUNTIM.MAC
WIND.FOR 
REG.FOR 
SMALL.FOR 
SMALLK.FOR 
SSSOL.FOR
THE FIRST GROUP IS  USED WITH TEST4, A GENERAL PACKAGE CONTAINING 
DRIVES AND GEARS. PROGRAMS IN  THE SECOND GROUP FUNCTION INDEPENDENTLY.
PARSET CREATES OR UPDATES F0R21.D A T, A FILE WITH EQUATION AND GEAR 
PARAMETERS.
NSET CREATES THE "GOING.FOR" PROGRAM WITH DIMENSIONS SET AS PER 
USER INPUT.
 > GOING.FOR IN  TURN DRIVES PATT. IT  MUST SE INCLUDED AS THE
MAIN PROGRAM WHEN EXECUTING PATT.
PDB SUBROUTINE USED BY GEAR. PDB CREATES AND EVALUATES A BANDED
JACOBIAN OF THE DIFFERENTIAL EQUATIONS WHICH IS  USED BY GEAR.
DIFFUN SUBROUTINE USED BY GEAR. DIFFUN EVALUATES THE SET OF 3*N0SP 
DIFFERENTIAL EQUATIONS.
PATT SUBROUTINE THAT RECEIVES INFO FROM USER ABOUT ADDITIONAL 
INPUT PARAMETERS AND ABOUT TYPE OF OUTPUT DESIRED. PATT 
THEN DOES AS REQUESTED. OPTIONS ARE:
1 .  INPUT FROM TERMINAL OR DISK F IL E .
2 .  OUTPUTS ONLY WHEN RH 0(8) CHANGES FROM RISING TO 
FALLING OR VICE VERSA
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3 .  PLOTS
4 .  OUTPUTS TAÜ AND R H 0(8)
5 .  OUTPUTS YO TO F0R23.DAT IN A FORM THAT CAN BE
PLOTTED LATER.
INS SUBROUTINE USED BY PATT, IN S , AFTER GETTING USER INPUT,
RETURNS YO IN IT IA LIZED . INS.COS USED FOR FIRST-ORDER
SOLUTIONS. IN S.PU L USEFUL FOR LARGE-AMPLITUDE SOLUTIONS.
PICTUR PICTUR PLOTS FROM D ISK , GIVEN APPROPRIATE DATA FORĴ ÎAT THERE.
PIC SUBROUTINE OPTIONALLY CALLED BY PATT. PIC REQUESTS USER INFO
AND THEN PLOTS. USES XONOUT AND PTCNEW. CAN ALSO PRINT VALUES
SAMPLE CALLS
EX GOING, PATT, IN S .T E S T 4 , DIFFUN, P D B ,PIC , PTCNEW, XONOUT 
EX GOING,PATT,INS,TESTA,DIFFUN,PDB 
EX PARSET 
EX NSET
WIND ROUtlNE TO GIVE Z VALUE AT WHICH TRADE LINES JUST TOUCH,
TO GIVE COORDS OF INTERSECTION OF TRADE LINES, AND 
TO GRAPH TRADE LIN ES.
REG ROUTINE TO GRAPH REGIONS IN  F -K (5 )  SPACE WHERE OREGONATOR
WITHOUT DIFFUSION HAS STABLE AND UNSTABLE STEADY-STATES.
SMALL ROUTINE TO FIND SOLUTIONS, WHICH MEET BOUNDARY CONDITIONS,
TO FIRST-ORDER REACTION-DIFFUSION OREGONATOR EQUATIONS.
SMALLK DIFFERENT VERSION OF SMALL, LETTING USER CHANGE DIF COEFFS & F .
SSSOL ROUTINE WHICH GIVES VALUES OF CONSTANTS FOR A GIVEN SET
OF PARAMETERS HELD IN F0R21.DAT.
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C PARSET.FOR
C THIS PROGRAM CREATES OR UPDATES FILE F0R21.D A T, WHICH CONTAINS 
C THE PARAMETERS NAMED IN  THE NAMELIST STATEMENT BELOW.
C HO, EPS AND MF ARE GEAR IN IT IA LIZ ER S. THE REST ARE THE 
C PARAMETERS IN THE DIFFERENTIAL EQUATIONS.
NAMELIST/PAR/ A ,B ,H PL,V K 1,V K 2,V K 3,V K 4,V K 5,F,H 0,E PS,M F, 
1D IFX ,D IFY ,D IFZ
100 READ (2 1 ,5 6 0 ,E R R » 2 0 0 ) A ,B ,H PL,V K 1,V K 2,V K 3,V K 4,V K 5,F,H 0,EPS,M F, 
1D IFX ,D IFY ,D IFZ 
560 FORMAT ( 1 1 E ,I ,3 E )
C IF  F0R21 HASN'T BEEN CREATED YET, THE ERR
C RETURN SENDS US TO OPEN THE FILE 
110 TYPE 520
520 FORMAT (IH  'H I .  YOU WANT TO CHANGE PARAMETERS?'/IH
1 'PLEASE ENTER ” $PAR ” AND ANY PARAMETERS IN  THE FORM 
2 ''A » 2 .0 ,M F -1 2 ” E T C ., FOLLOWED BY $ ' / j H  
3 '  D O N "T FORGET THE SPACE BEFORE $ P A R l')
120 READ (S ,P A R ,E R R -600) IREAD IN  CHANGES
C THIS NAMELIST RF\D NEEDS (SP)$PAR FOLLOWED BY PARAMS AS DESCRIBED
C IN  STATEMENT 5 2 0 , FOLLOWED BY $ .  PARAMS CAN BE IN
C ANY ORDER, ANY ONES YOU WANT TO CHANGE.
WRITE ( 5 , PAR) ITYPE ALL PARAMS
TYPE 500 !ASK I F  WE'RE DONE
500 FORMAT (IH  'DO YOU WANT TO CHANGE MORE PARAMS?'/IH 
I ' l F  SO TYPE 1 AND CR; THEN ENTER $PAR ” E T C . ',
2 '  IF  NOT, JUST HIT C R ')
READ ( 5 ,5 4 0 )  M 
540 FORMAT ( I )
I F  (M .NE.O) GO TO 120 I I F  NOT DONE, TRY AGAIN
REWIND 21 !WE'RE DONE. SAVE PARAMS.
WRITE (21 ,560)A ,B ,H PL ,V K 1,V K 2,V K 3,V K 4,V K 5,F ,H 0,E P S ,M F ,
1D IFX ,D IFY ,D IFZ
STOP
200 OPEN(UNIT-21.ACCESS* 'S E Q O U T ',F IL E » 'F 0 R 2 1 .D A T ') (OPEN FILE HERE 
GO TO 110
600 TYPE 580
580 FORMAT(IX'ERROR IN  ENTERING DATA. TRY AGAIN')
GO TO 120 
END
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C NSET.FOR
C NSET CREATES "GOING,*' THE MAIN PROGRAM CONSISTING OF STATEMENTS TO 
C SET DIMENSIONS. AND A CALL TO PATT, THE WORKHORSE SUBROUTINE
WRITE ( 5 ,5 1 0 )
510 FORMAT( '  NO. OF SPACE P T S ? ')
READ ( 5 ,5 0 0 )  NOSP IINPUT IS  NOSP
500 FORMAT ( I )
N»3*N0SP
NPLT-NOSP+2 IARRAYS FOR PLOT HAVE 2 EXTRA WORDS 
M«10*N
0PE N (U N IT-24.A C C ESS-'SE Q O U T ',F IL E -'G O IN G .FO R ')
C YO AND Y ARE FOR GEAR; YWAS IS  FOR PATT; ZYPIC AND ZDIS ARE REAL 
C ARRAYS FOR PIC
WRITE (24 ,520)N .N PL T ,M ,N O SP 
520 F0RM AT(7X,'IM PLICIT DOUBLE P R E C IS I0 N (A -H ,0 -Y ) '/
17X,'PARAMETER N = ' I 5 , ' ,  P L T - ' I 5 , ' ,  M - ' I 5 , ' ,  N P P P - 'I5 /
17X,'DIMENSION Y 0 (N ),Y (N ,6 ),Y W A S (N ).Z Y P IC (P L T ),Z D IS (P L T )'/
27X,'COMMON /GEAR2/YMAX(N)' /
37X,'COMMON /GEAR3/ERR0R(N)' /
47X,'COMMON /G E A R 4/S A V E K N )'/
57X,'COMMON /G E A R 5/SA V E 2(N )'/
67X,'COMMON /G EA R6/ZPW (M )'/
77X,'COMMON /G E A R 7 /IP IV (N )' /
87X ,'N 0S P = N P P P '/
97X,'CALL PATT(NOSP, YO, Y, YWAS, Z Y P IC ,Z D IS ) '/
97X, 'S T O P '/7 X , 'END' )
END
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C GOING.FOR
IM PLICIT DOUBLE PR E C IS I0N (A -H ,0-Y )
PARAMETER N- 7 5 0 , PLT= 2 5 2 . M= 7 5 0 0 , NPPP- 250 
DIMENSION Y O (N ),Y (N ,6),Y W A S(N ).Z Y PIC (P L T ).Z D IS (PL T ) 
COMMON /GEAR2/YMAX(N)
COMMON /GEAR3/ERR0R(N)
COMMON /GEAR4/SAVEKN)
COMMON /GEAR5/SAVE2(N)
COMMON /GEAR6/ZPW(M)
COMMON /G E A R 7/IP IV (N )
NOSP=NPPP
CALL PATTCNOSP.YO.Y.YWAS.ZYPIC,ZDIS)
STOP
END
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Page 82
C PDB.FOR
C PDB IS  CALLED BY PSETB IN  GEAR.
0 TO PARAPHRASE THE DESCRIPTION IN  DRIVEB OF GEAR:
C PDB COMPUTES THE N BY N BANDED JACOBIAN MATRIX OF PARTIAL
C DERIVATIVES AND STORES IT  IN  ZPD AS AN N BY 7 ARRAY,
C Z P D ( I ,J - I + 4 )  IS  TO BE SET TO THE PARTIAL DERIVATIVE OF YDOT(I)
C WITH RESPECT TO Y ( J ) .
G NOW IN  MORE DETAIL
C LETTING A STAND FOR ALPHA
C E STAND FOR ETA
C R STAND FOR BHO
C AND SREC -RECIPROCAL OF S
C OUR GENERAL EQUATIONS ARE:
C A D 0 T (I )» (D '/D X * * 2 )* [A ( I -1 ) -2 * A ( I )+ A ( I+ 1 ) ]+ S * [ E ( I )+ A ( I ) * (~ E ( I )+ 1 -Q * A ( I ]
C E D O T ( I ) - ( D '/D X * * 2 ) * [ E ( I - l ) - 2 * E ( I ) + E ( I + l ) ]  + S R E C * [F * R (I) -E (I )* (1 + A (I ) )1
C R D 0 T ( I ) - ( D '/D X * * 2 ) * [ R ( I - 1 ) - 2 * R ( I ) + R ( I + 1 ) ]  +W *A(I) -W *R (I) .
C SINCE Y GOES TO NOSP, WE'VE DESCRIBED 3*N0SP SIMULTANEOUS EQUATIONS.
C NOW, LOOK AT THE RIGHT SIDE OF EACH EQ AND TAKE I T 'S  P .D . WITH 
C RESPECT TO EVERY A ( I ) , E ( I )  & R ( l ) ,  MOST OF THESE PD 
C ARE CLEARLY ZERO. FOR A GIVEN I ,  ONLY THOSE PD INVOLVING 
C I - l ,  I ,  OR I + l  HAVE A CHANCE TO BE NON-0. WE STORE THESE REMAINING 
C PD IN  ZPD IN  THE ODD WAY DESCRIBED ABOVE.
C DO NOTE THAT THE FOLLOWING ARE NOT SPECIFIED IN  OUR 
C INSTRUCTIONS: Z P D (1 ,1 ) ,  ( 1 , 2 ) ,  ( 1 , 3 ) ,  ( 2 , 1 ) ,  ( 2 , 2 ) ,  ( 3 , 1 ) ,
C ( N - 2 ,7 ) ,  ( N - 1 ,6 ) ,  ( N - 1 , 7 ) ,  ( N ,5 ) ,  ( N ,6 ) ,  & ( N ,7 ) .
C THEY ARE NOT USED BY PDB SO CAN BE SET TO ANYTHING CONVENIENT.
C THE FIRST FEW MEANINGFUL ENTRIES OF ZPD THEN ARE:
C ( 1 , 4 ) -  PD ADO T(l) WITH RESPECT TO A ( l )
C ( 1 , 5 ) »  PD ADOTl W-R-T E l
C ( 1 ,6 ) =  PD ADOTl W-R-T R1
C ( 1 , 7 ) -  PD ADOTl W-R-T A2
C ( 2 , 3 ) -  PD EDOTl A1
C ETC.
C ( 4 , 1 ) -  PD AD0T2 A1
C ( 4 , 2 ) -  PD AD0T2 E l
C ( 4 ,3 ) »  PD AD0T2 R l
C ( 4 , 4 ) -  PD AD0T2 A2
C ( 4 , 5 ) -  PD AD0T2 E2
C ( 4 ,6 ) »  PD AD0T2 R2
C ( 4 ,7 ) =  PD AD0T2 A3
C ( 5 , 1 ) -  PD ED0T2 E l
C ETC
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Page 83
C ( 5 , 7 ) =  PD ED0T2 E3
C ETC
C PD FOR ALL POINTS EXCEPT THE BOUNDARY POINTS ARE HANDLED DOWN TO 
C STATEMENT 1 0 . THE REST OF THE PROGRAM MODIFIES THE BOUNDARIES.
C WE ASSUME NO DIFFUSION AT BOUNDARIES. THIS IS  LIKE SAYING THE
C POINT PAST THE BOUNDARY ALWAYS HAS THE SAME CONCENTRATIONS AS THE 
C BOUNDARY.
C AT 0 BOUND [A (0 ) -2 * A (1 )+ A (2 )1  BECOMES l - A ( l ) + A ( 2 ) ]  SINCE A ( 0 ) = A ( I ) .  
C AT N BOUND, [A (N -1 )-2 * A (N )+ A (N + 1 )] BECOMES [A (N -I) -A (N )]  SINCE 
C A (N + 1)= A (N ). SIMILARLY FOR E AND R .
C THE ONLY PD 'S  THAT CHANGE FROM OUR GENERAL FORM ARE:
C ADOTl, EDOTl, & EDOTl W-R-T A l ,  E l ,  & R l RESPECTIVELY, AND
C ADOTN, EDOTN, & RDOTN W-R-T AN, EN & RN RESPECTIVELY.
C THESE ARE ADJUSTED BY STATEMENTS BELOW NUMBER 10 
C ALL COMMON CONSTANTS COME FROM PATT.
C
C
SUBROUTINE PDB ( N ,T , Y , ZPD, NO,ML,MU)
WE USE ONLY N, ZPD AND Y ( l , l )  TO Y (N ,1 ) .
SEE STIFFB & DRIVEB FOR DESCRIPTION OF OTHER PARAMS. 
IM PLICIT DOUBLE PR E C IS I0N (A -H ,0-Y )
DIMENSION Y ( l ) ,  Z P D (N ,1)
COMMON /P A T T I/ FF ,Q , S , SREC , W ,DIFXO V, DIFYO V, DIFZOV I SEE PATT, 
COMMON/GOl/DX
DO 10 
J - I + 1  
K=I+2 
ZPD ( I  
ZPDCJ 
ZPD(K 
Z P D d  
ZPDCJ 
ZPD(K 
Z P D d  
ZPD(J 
ZPD(K 
ZPDCI 
ZPDCJ 
ZPD(K 
ZPD ( I  
ZPD(J 
ZPDCK 
Z P D d
z p d Cj
ZPD(K
Z P D d
ZPDCJ
ZPDCK
10
I = l ,N - 2 ,3
,1)=D IFX 0V  
,1 )-D IF Y 0V  
, 1 ) -DIFZOV 
,2 )-0 .
,2 )=0 .
,2 )-W
,3 ) » 0 .
, 3 ) — SREC*Y(J)
, 3 ) - 0 .
, 4 ) — 2 .* D IF X 0 V + S * (-Y (J )+ l .-2 ,* Q * Y d > )  
, 4 ) — 2 .* D IF Y 0 V -S R E C * (1 .+ Y d ))
, 4 ) — 2.*D IFZ0V  
,5 ) = S * ( 1 . - Y ( I ) )
,5)»FF*SREC
, 5 ) - 0 .
, 6 ) -0 . 
,6 )-0 . 
,6 ) -0 .
,7 )-D IF X 0V
,7)-D IF Y 0V
,7)»D IFZ 0V
CONTINUE
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2 P D (1 ,4 )-Z P D (4 ,4 )+ D IF X 0 V
Z P D (2 ,4 )= Z P D (5 ,4 )+ D IF Y 0V
Z P D (3 ,4 )» Z P D (6 ,4 )+ D IF Z 0 V
Z P D (N -2 ,4)= Z PD ( N -5 , 4)+DIFX0V
ZPD( N -1 , 4 ) “ ZPD( N -4 , 4 ) +DIFYOV
Z P D (N ,4 )“ Z P D (N -3,4)+D IFZ0V
RETURN
END
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DIFFUN.FOR
C DIFFUN, CALLED BY STIFFB IN  GEAR (NEAR #110  AND # 4 0 0 ) ,  COMPUTES 
C THE VALUES OF OUR 3 DIFFERENTIAL EQUATIONS AT EVERY SPACE POINT.
C REMEMBER YO IS  ARRANGED IN  THE FORM A (1 ) ,E ( 1 ) ,R ( 1 ) ,A ( 2 ) ,E ( 2 ) , . .  .
C WE ASSUME NO DIFFUSION AT BOUNDARIES. THIS IS  LIKE SAYING THE
C POINT PAST THE BOUNDARY ALWAYS HAS THE SAME CONCENTRATIONS AS THE 
C BOUNDARY.
C AT 0 BOUND [A (0 ) -2 * A (1 )+ A (2 )1  BECOMES [-A (1 )+ A (2 )1  SINCE A (0 )« A (1 ) .  
C AT N BOUND, tA (N -l) -2 * A (N )+ A (N + l)1 BECOMES [A (N -1 )-A (N )] SINCE 
C A (N + 1)= A (N ). SIMILARLY FOR E AND R.
SUBROUTINE DIFFUN(N,T,Y,YDOT)
IM PLICIT DOUBLE PRECISION (A -H ,0 -Y )
COMMON /G O l/ DX
COMMON /P A T T I/ FF,Q,S,SREC,W ,DIFXOV,DIFYOV,DIFZOV !SEE PATT 
DIMENSION Y (1 ),Y D 0 T (1 )
C FIRST SET BOUNDARY CONDITIONS. * * * * * *
YDOT(1 )« D IF X 0 V * (Y (4 )-Y (1 ) )  + S * (Y (2 )+ Y (1 )* ( -Y (2 )+ l .-Q * Y (1 ) ) )  
Y D O T (2)-D IFY O V *(Y (5)-Y (2)>  + S R E C * (-Y (2 )* (1 .+ Y (1 ))  +FF*Y (3)> 
Y D O T (3)-D IF Z O V *(Y (6 )-Y (3 )) + W * (Y (1 )-Y (3 ))
Y D O T(N -2)»D IFX O V *(Y (N -5)-Y (N -2)>  + S * (Y (N -1 )+ Y (N -2 )* (-Y (N -1 )+
1 l ,-Q * Y (N -2 ) )>
YDOT (N -1 )  -DIFY 0V*( Y ( N -4 ) -Y  ( N -1 ) ) +SREC*( -Y ( N -1>* ( 1 .  +Y ( N- 2 ) )
1 +FF*Y(N)>
Y D 0T(N )*D IFZ0V *(Y (N -3)-Y (N )> +W *(Y (N -2)-Y (N ))
Q * * * * * *
C NOW COMPUTE GENERAL VALUES 
DO 10 1 = 4 ,N - 5 ,3
Y D O T (l)= D IF X O V * (Y (l+ 3 )-2 .* Y (I)+ Y (I-3 ))+
1 S * ( Y ( I + 1 ) + Y ( I ) * ( - Y ( I + 1 ) + 1 .- Q * Y ( I ) ) )
Y D 0 T (I+ l)» D IF Y 0 V * (Y ( l+ 4 ) -2 .* Y ( l+ l)+ Y (I -2 ) )
1 + S R E C * ( -Y ( I+ l) * ( l ,+ Y ( l) )+ F F * Y ( I+ 2 ) )
Y D 0 T (I+ 2 )= D IF Z 0 V * (Y (I+ 5 )-2 .* Y (I+ 2 )+ Y (I- l) )
1 + W * (Y (l) -Y (I+ 2 )>
10 CONTINUE 
RETURN 
END
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C PATT.FOR
C PATT,CALLED BY GOING, IS  THE PRINCIPLE ROUTINE FOR DRIVING GEAR.
C PATT HAS SEVERAL VARIATIONS WHICH CAN BE EASILY ENABLED BY THE 
C FOLLOWING MODIFICATIONS :
C 1 .  SETTING PARAMETER IN -2 2  WILL READ INPUT FROM F0R22.DAT RATHER
C THAN FROM TERMINAL. YOU MUST ALSO SET IN -2 2  IN ROUTINE INS
C AND, IF  YOU'RE PLOTTING, IN  ROUTINE P IC . IF  YOU DON'T WANT ANY
C MESSAGES TO TERMINAL (EXCEPT ERRORS), CHANGE "TYPE" TO
C "CONTINUE!" IN  ALL THREE ROUTINES.
C 2 .  THE EDIT COMMMTO SC 6$66$3200 :*  SELECTS (FOR OUTPUTTING) ONLY A 
C RETURN FROM GEAR IN  WHICH RH0(8) CHANGES FROM RISING TO FALLING
C OR VICE VERSA. OPTION 4  BELOW THEN WILL PRINT RELATIVE MAXIMUMS
C AND MINIMUMS OF R H 0 (8 ). OPTIONS 3 & 5 WILL OUTPUT YO ONE
C TIME-INCREMENT AFTER R H 0(8) REACHES MAX OR MIN. NORMALLY
C USED WITH A TINC (TIME INCREMENT) TYPE INPUT.
C 3 .  S C 5 $ 5 5 $ 3 2 0 0 ;*  WILL SEND OUTPUT TO THE PLOTTER.
C 4 .  S C 7 $ 7 7 $ 3 2 0 0 :*  WILL OUTPUT TAU AND RH 0(8) TO DEVICE "OUT".
C OUT IS  SET IN  PARAMETER STATEMENT [5  (TTY) OR 23 (F0R23.D A T)]
C 5 .  S C 8 $ 8 8 $ 3 2 0 0 ;*  WILL OUTPUT SOME PARAMS AND YO TO DEVICE "OUT"
C (WHICH SHOULD BE FOR23.DAT) IN  A FORM THAT ROUTINE PICTUR
C WILL USE AS INPUT FOR LATER PLOTTING.
C NOTE THEN THAT STATEMENT NUMBERS BEGINNING WITH 5 5 ,6 6 ,7 7 ,OR 88 
C SHOUID NOT BE ADDED TO THIS PROGRAM, OR THE ABOVE OPTIONS WILL SCREW 
C THEM UP
C NOSP AND ARRAYS PASSED FROM GOING
SUBROUTINE PATT(NOSP,YO,Y,YWAS,ZYPIC, ZD IS)
IMPLICIT DOUBLE PR E C IS I0N (A -H ,0-Y ) !Z IS  REAL 
PARAMETER IN -5 ,O U T -23  
INTEGER RONTIM
DIMENSION Y 0 (1 ) ,Y (1 ,6 ) ,Y W A S (1 ) ,Z Y P IC (1 ) ,Z D IS (1)
COMMON /P I C 2 /  N,TOUT,IRUN !N 0SP*3, OUTPUT TIME, RUN #
COMMON y G O l/ DX
COMMON /P A T T I/ FF,Q,S,SR£C,W ,DIFXOV,DIFYOV,DIFZOV 
COMMON / I N S l /  TOTL
C * * * * * * * *  IN ITIA LIZIN G
CALL ERRSET(O) !WE HAVE ABOUT 2 MILLION F L . PT . UNDERFLOWS
551 CALL IN IT A L (5 ,2 5 4 , 1 1 , 1 , 0 , 0 )  I(OPTION 3 .  IN ITIA LIZE PLOTTER)
552 CALL RSTR(O)
553 READ (5,150)ID U M M Ï ! DUMMY READ AFTER RSTR
IRUN-0 !RUN-NUMBER FOR PLOTTER
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N»N0SP*3
NPLT=N0SP+2
!NUMBER OF ENTRIES IN  YO 
ITWO EXTRA WORDS IN PLOTTING ARRAYS
C * *  * *  EVERY RESTART COMES HERE FOR INITIALIZING 
C (SO YOU CAN ALTER F0R21.DAT BEFORE A RESTART).
100 REWIND 21 !(F0R21.D A T SET BY PARSET)
READ (2 1 ,1 1 0 ,E R R -4 6 0 )  A ,B ,H PL,V K 1,V K 2,V K 3,V K 4,V K 5,F,H 0,
1 EPS,M F,D IFX ,D IFY ,D IFZ !H 0, EPS, MF ARE GEAR PARAMS
110 F0R M A T(11D ,I,3D )
HOSAV-HO ! WE'LL NEED OLD HO. (HO RESET BY GEAR)
VK1=VK1*HPL*HPL !SET CONSTANTS FOR D IF , E Q .'S
VK2«VK2*HPL IDIFFUN & PDB GET THESE THRU COMMON PATTI
VK3-VK3*HPL 
F F -F
Q»2.♦VK1*VK4*A/( VK2^VK3*B)
S-SQRT( VK3*B/( VK1*A))
S R E C -l ./S
CON-SQRT( VK1*VK3*A*B)
W-VK5/C0N
DIFAL
DIFET
DIFRO
ML=3
MU-3 
*  *
100.*DIFX/CON
100.*D IFY /C 0N
100.*D IFZ/C O N
IWIDTHS OF BANDED JACOBIAN -  SEE GEAR
DONE INITIALIZING
130 IRUK-IRÜN+1 
150 FORMAT(G)
160 TYPE 170 ! OTHERWISE, READ INFO
170 FORMAT(IX'ENTER T A U "S : INITIAL,OUTPUT,& INC (O P T ) ')
C IF  T IN C -0 ., WE'LL CALL DRIVEB WITH INPUT & OUTPUT TIMES TO & TOUT.
C I F  T IN C .N E.0 . ,  TFIN IS  SET TO TOUT AND SUCCESSIVE CONTINUE CALLS TO
C DRIVEB WILL BE MADE WITH TOUT-T0+K*TINC UNTIL TFIN IS  REACHED.
C THE FINAL CALL WILL BE MADE WITH THE LARGEST TOUT.LE.TFIN.
READ (IN ,180)T 0 ,T O U T ,T IN C  
IF  (TOUT.LT.TO) GO TO 160
TFIN-TOUT-1. I SET TFIN INITIALLY FOR ONLY 1 CALL TO DRIVEB
IF  (T IN C .E Q .O .) GO TO 190 !BR IF  ONLY 1 CALL
TFIN-TOUT ! MULTIPLE CALLS. SET TFIN
TOUT-TO+TINC 1 IN ITIA LIZE TOUT.
180 F0RMAT(3D)
190 TYPE 200
200 FORMAT(IX'ENTER LENGTH (IN  M M .)')
READ (IN ,180)T O T L  
IF  (TOTL.L E .0 . )  GO TO 190 
DIFXOV-DIFAL !
DIFYOV-DIFET 1
DIFZOV-DIFRO
!LENGTH
USED ONLY TEMPORARILY BY 
INS.COS FOR 2ND ORDER TERM.
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290
C
C
I GET IN ITIA L YO. (iS T A N D .N E .i) 
IGEAR IS  GETTING A FIRST CALL 
1 DX
CALL IN S ( NOSP, YO, ISTAND)
INDEX-1
D X -T 0T L /(N 0SP-1)
C 0N 2-100 . / (CON*DX*DX)
DIFXOV IS  DIFX CHANGED FROM CM**2 TO MM**2, NORMALIZED, AND DIVIDED 
BY DX**2. THESE NUMBERS ARE USEFUL FOR PDB & DIFFUN 
DIFXOV-DIFAL/(DX*DX)
DIFYOV-DIFET/( DX*DX)
DIFZOV-DIFRO/( DX*DX)
C - - - - - - -  -  CONTINUE OR OMIT-LAST-RUN COMES HERE
300 DO 310 I - 1 ,N
310 Y W A S(I)=Y 0(I) ISAVE YO AND TO
TSAV-TO
CALL D RIV EB (N ,TO ,H 0,Y 0,Y , TOUT,EPS,MF.INDEX,ML,MU) !DRIVEB
I F  (INDEX.N E .0 )  GO TO 440 tBR IF  GEAR ERROR
TO-TOUT !OTHERWISE SET NEW TO
C CHECK THAT CPU TIME LIMIT NOT EXCEEDED WHEN USING TINC. 
C 0 MEANS NO LIM IT.
I F  (T IM L T .E Q .O .) GO TO 311 
I F  (RUNTIM(WORK)/1 0 0 0 . .LE.TIM LIM ) GO TO 331 
TFIN -TOU T-1.
311 CONTINUE
C60 I F  ((Y W A S (24)-Y O (24))*S IG N .G E .O .) GO TO 662 
550 CALL PIC(Y O ,N PLT,Z Y PIC ,ZD IS)
CPU-RUNTIM(WORK)/1 0 0 0 .
C70 WRITE ( 5 ,3 1 7 )  TOUT,YWAS(2 4 )
C80 WRITE (OUT,3 1 6 )  N,TOUT,IRUN,DX,CPU
C81 WRITE (OUT,3 1 5 )  (Y 0 (K ) ,K -1 ,N )
315 FORMAT(E10.4)
316 FORMAT ( I , D , I , 2 D )
317 FORMAT(IX'TAU- ' F 8 . 2 , '  L 0 G (R H 0 (8 ))-  'E 1 0 .4 )
C62 SAVSIN-SIGN
C61 SIGN-YWAS( 2 4 ) -YO(2 4 )
331
332
340
350
063
!OPTIONS DESCRIBED 
1ABOVE
Î
INDEX-0 'ASSUME WE'VE A CONTINUE USING TINC
TOÜT-TOÜT+TINC
IF  (TO U T.LE.TFIN ) GO TO 300  ! HR IF  THAT'S TRUE. 
TOUT-TOUT-TINC !OTHERWISE SET TOUT TO FINAL OUTPUT VALUE 
TYPE 340
FORMA!( IX '0-C 0N TIN U E;l-R ESTA RT; 2-OMIT LAST RUN; 3-E N D ')
READ (IN ,150 ,E R R »332)IN D E X  
GO TO (1 0 0 ,3 5 0 ,4 1 0 )IN D E X
TO-TOUT 10 COMES HERE
INDEX-0 ! PREPARE A
GO TO 370 ! SKIP DOWN
INDEX-1 12 OMIT LAST
SIGN-SAVSIN 1 RESET HO, '
HO-HOSAV
TO-TSAV
IDECIDE WHAT'S NEXT
CONTINUE CALL TO GEAR
RUN 
TO, YO
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DO 360 I - 1 ,N  
360 Y 0 (I)-Y W A S (I)
370 TYPE 3 8 0 ,TO !0  OR 2 GET TOUT & OPTIONALLY TINC
380 FORMAT (IX 'STA RT IS  ' F 1 2 . 2 , '  ENTER OUTPUT TAU & INC (O P T )") 
390 READ (IN ,180)T O U T ,T IN C
I F  (TOUT.LT.TO) GO TO 370
TFIN =T0U T-1. I ASSUME ONLY 1 CALL TO DRIVEB
TIM LT-0.
IF  (T IN C .EQ .O ) GO TO 3 0 0 ! BR I F  TRUE
WRITE ( 5 ,5 0 0 )  I OTHERWISE SET UP MULTIPLE CALLS.
C WITH MULT. CALLS, CPU TIME LIMIT POSSIBLE. 0 MEANS NO LIM IT.
500 FORMAT ( "  ENTER CPU I LIMIT " , $ )
READ ( I N ,1 5 0 )  TIMLT 
TIMLIM-TIMLT+RUNTIM(WORK)/1 0 0 0 .
TFIN=TOUT
TOUT»T0+TINC
GO TO 300 I AND DO IT
410 STOP !3  DONE
C * * * * * * * *  GEAR ERROR
440 WRITE ( 5 ,4 5 0 )  INDEX
450 FORMATdX'GEAR ERROR. IN D E X -"I4 )
STOP
C * * * * * * * *  F0R21.DAT MISSING
460 PAUSE "WHERE IS  F0R21.DAT WITH PARAMS? USE PARSET"
GO TO 100 !CREATE IT  USING PARSET AND THEN CONTINUE ON
END
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C INS.COS
C
C INS (INPUT S E T ), CALLED BY PATT, FILLS IN  YO WITH
C IN IT IA L VALUES. WHEN USING DISK INPUT TO DRIVE PATT, SET IN -2 2  HERE. 
C FOR NO OUTPUT TO TERMINAL, CHANGE TYPE TO "CONTINUE!".
C SET M2 BELOW 0 FOR FIRST ORDER PERTURB; 1 FOR 2ND ORDER (BOTH TERMS)
SUBROUTINE INS(NOSP,YO,ISTAND) IISTAND-1 IF  "STANDARD" DESIRED 
IM PLICIT DOUBLE P R E C ISI0N (A -H ,0-Y )
PARAMETER IN -5  
DIMENSION Y 0 (1 )
COMMON /P A T T I/ F ,Q ,S ,SR EC ,W ,D IFA L,D IFET,D IFR O  
COMMON /IN S I/T O T L  
C SET ALPHA, ETA, RHO TO STEADY STATE VALUES 
400 A L O -(( 1 .-F -Q )+ S Q R T ((Q + F -1 . )* * 2 + 4 * ( F + l . )* Q )) / ( 2*Q)
ETO -1. 0* (F *A L O /(I.+ A L O ) )
R O 0-1.0*A L0 
TYPE 430,A L 0,E T 0,R O 0 
430 FORMAT(IX'ALPHA- 'E l O . 4 , '  ETA- 'E 1 0 . 4 , '  RHO- 'E lO .4 )
N-3*N0SP 
TYPE 460
460 FORMAT ( '  ENTER COEFF FOR A L ,E T ,R O ')
ACCEPT 4 8 0 ,ALC,ETC,ROC
C SECOND ORDER TERMS ARE OF FORK A+B*COS(GL).
C THIS SECTION COMPUTES THE A 'S  AND B 'S .
C FIRST PASS GIVES THE A 'S ;  SECOND PASS THE B 'S .
XKK-0.
P I - 3 .1 4 1 5 9 2 6
XK-PI/TOTL ! (TOTAL LENGTH)/PI = G
480 FORMAT (3D )
490 Dl»(ALC*ETC+Q*ALC**2)/2.
D 2-(A L C *E T C )/2 .
C1 1 - 1 . -E T O -2 . *Q*ALO-DIFAL/ S * 4 . *KKK**2
C 12-1-A L0
C21— (ETO)
C 22--(1 .+A L 0+S*D IFE T *4.*X K K **2)
C23-F
C 3 1 -1 .
C 33-1.-D IFR 0/W *4.*X K K **2 
E -(E T 0 + F /C 3 3 )/C 2 2  
C HERE ARE B 'S  FOR X , Y , Z (ALPHA, ETA, RHO)
B A L -(D 1 -(1 .-A L 0 )* D 2 /C 2 2 ) /(C 1 1 + (1 .-A L 0 )* E )
BRO— BAL/C33 
BET=D2/C22+E*BAL 
IF (X K K .N E .O .) GO TO 600 
C HERE ARE A 'S  FOR X , Y , Z 
AAL-BAL 
AET-BET
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ARO«BRO 
XKK«XK 
60  TO 490 
600 DXL»TOTL/( N O S P -i)
C TYPE 500,BAL,AAL,BET,AET,BRO,ARO 
500 FORMAT ( I X ,2 E )
C SET M2 BELOW 0 FOR FIRST ORDER PERTURB; 1 FOR 2ND ORDER (BOTH TERMS) 
M2*0
HAFWAV=1. 'NUMBER OF HALF WAVELENGTHS IN C O l.
DO 230 I= 1 ,N 0 S P
COl-COS( 1 ,*HAFWAV*XK*(I-1)*DXL)
C 0 2 -C 0 S (2 .*HAFWAV*XK*(I-1)*DXL)
YO( 3 * 1 - 2 )-AL0+ALC*C01+M2*(BAL*C02+AAL)
YO( 3 * 1 - 1 ) »ET0+ETC*C01+M2*(BET*C02+AET)
YO( 3 * 1 ) =ROO+ROC*COl+M2*( BR0*C02+AR0)
230 CONTINUE 
260 RETURN 
END
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C INS,PUL
C
C INS (INPUT S E T ), CALLED BY PATT, FILLS IN YO WITH
C IN IT IA L VALUES. WHEN USING DISK INPUT TO DRIVE PATT, SET IN -2 2  HERE. 
C FOR NO OUTPUT TO TERMINAL, CHANGE TYPE TO "CONTINUE!".
SUBROUTINE INS(NOSP, YO, ISTAND) IISTAND-1 IF  "STANDARD" DESIRED 
IM PLICIT DOUBLE P R E C IS I0N (A -H ,0-Y )
PARAMETER IN -5  
DIMENSION Y 0 (1 )
COMMON /P A T T I/ FF,Q,S,SREC,W ,DIFXOV,DIFYOV,DIFZOV 
C SET ALPHA, ETA, RHO TO STEADY STATE VALUES 
400 A L -( ( 1 .-F F -Q )+ S Q R T (( Q +FF-1 . )**2+4*C FF+1*)* Q )) / ( 2*Q)
E T -1 . 0 * (F F * A L /( 1 . +AL))
R 0-1 .0*A L  
A L-1.0*A L 
TYPE 430,A L ,E T ,R O  
430 FORMAT(IX'ALPHA- 'E 1 0 . 4 , '  ETA- ' E l 0 . 4 , '  RHO- 'E lO .4 )
C SET NORMAL LEVELS HEBE 
A L -1 .0 3 1 7  
E T -3 2 .4 8 4 6  
R O -llO  
N-3*N0SP 
DO 230 I - l , N - 2 , 3  
Y 0 (I) -A L  
Y 0 (I+ 1 )-E T  
230 Y 0 (I+ 2 )-R 0
C SET PULSE LEVELS HERE 
A L P -1 1 8 0 .2 1 6  
E T P -.05587
C REMEMBER YO STORED X , Y , Z (ALPHA, ETA, RHO)
DO 310 I -1 ,N O S P /1 0  ! PULSE WIDTH
Y 0 (3 * I-2 )« A L P  
Y 0 (3 * I-1 )« E T P  
310 CONTINUE 
RETURN 
END
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C PICTÜR.FOR
C PICTÜR TAKES F0R23.DAT WHICH WAS CONSTRUCTED BY PATT AND SENDS EACH 
C SET OF INFORMATION TO PIC FOR PLOTTING.
C YOU MUST SET THE DIMENSION STATEMENT TO APPROPRIATE SIZES , I . E .
C Y O (3*N O SP),ZY PIC(H O SP+2),ZD IS(N O SP+2),
C PICTUR NEEDS P IC , PTCNEW & XONOUT.
DOUBLE PRECISION YO,TOUT,DX 
DIMENSION YO( 7 5 0 ) , ZYPIC( 2 5 2 ) , ZD IS(2 5 2 )
COMMON /P I C 2 /  N,TOUT,IRUN I3*N 0SP, TIME OUT, RUN #
COMMON /G O l/ DX
CALL I N I T A L ( 5 ,2 5 4 ,1 1 ,1 ,0 ,0 )  ! IN ITIA LIZE PLOTTER
CALL RSTR(O) I CLEAR BUFFER
ACCEPT 520,IDUMMF (PERFORM DUMMY READ AFTER RSTR
520 FORMAT (G )
100 READ ( 2 3 ,5 0 0 ,EN D -800) N,TOUT,IRUN,DX (READ FOR23 PARAMS 
500 FO R M A T (I,D ,I,D )
NPLT-N/3+2 
TYPE 510,N PLT
C TELL USER HOW HE/SHE SHOULD HAVE SET DIMENSIONS IN  THIS PROGRAM 
510 FORMAT(IX'DIMENSION OF ZYPIC SHOULD HAVE B E E N 'I5)
DO 200 I - 1 ,N
200 READ ( 2 3 ,5 3 0 )  Y O (l)  (READ F0R 23: YO
530 FORMAT(E10.4) (FORM IS  X I ,Y 1 ,Z 1 ,X 2 ,Y 2 ,Z 2 ,. . .AS PIC EXPECTS.
CALL PIC (Y O ,N PLT,ZY PIC ,ZD IS) (CALL PIC
GO TO 100 (GET THE NEXT ONE
800 STOP
END
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C PIC.FOR
G PIC DOES THE PLOTTING. IT  NEEDS PTCNEW AND XONOUT.
C PIC  ALSO GIVES NUMBER VALUES FOR RIGHT AND LEFT ENDS
C OF CONTAINER ON REQUEST
C I F  INPUT COMES FROM F IL E , I N -2 2 . OTHERWISE 5 .
C ALSO, IN  THE FORMER CASE, YOU COULD CHANGE TYPE COMMAND
C TO A "CONTINUE!".
SUBROUTINE PIC(YO ,N PLT, ZY PIC ,ZD IS)
PARAMETER IN -5
DOUBLE PRECISION YO, TOUT, DX,XNUM, CHK
DIMENSION Y 0 (1 ) ,LA B(4 ) ,ZY PIC( 1 ) ,Z D IS C l) ,0 R (4 ,2 )  ,XNUM(6)
C PIC NEEDS THE DIMENSION NPLT PASSED TO I T .  PASSING THE Z ARRAYS 
C IN  COMMON DOESN'T WORK
COMMON /P I C 2 /  N,TOUT,IRUN ! 3*N 0SP, TIME OUT, RUN #
COMMON /G O l/ DX ! DX-LENGTH/( NOSP-1)
DATA LAB/'LOG XLOG YLOG ZDI ST ' /  I AXIS LABELS 
C DATA L A B /' X Y ZDI ST ' /  I ALT AXIS LABELS
DATA O R / 0 . , 4 . , 0 . , 4 . , 6 . 5 , 6 . 5 , 1 . , 1 . /  ! X 1 ,X 2 ,X 3 ,X 4 ,Y 1 ,Y 2 ,Y 3 ,Y 4  
DATA NSCAL/1/ ! GRAPH ORIGINS
NOSP-NPLT-2 I NPLT IS  DIM OF PLOTTING ARRAYS
RNUM-IRUN
80 I F  (NUM PLT.EQ.l) GO TO 600  I BR IF  NUMBERS WANTED 
TYPE 500
500 FORMAT (1 X ,'0 -N O  1-AL 2 -E T ; 3-RO 4-ALL 5-SET 6-DMP 
1 7-AL-ET 8 -A X ')
G 5 LETS ONE CHOOSE NUMBERS. 6 DUMPS YO ONTO F0R23.DAT.
C 7 GIVES X-Y PHASE SPACE GRAPH. 8 LETS ONE CONTROL AXIS OF GRAPH.
READ ( lN ,5 2 0 ,E R R -8 0 )  LOOK I TELLS WHAT TO DO 
520 FORMAT ( I )
GO TO ( 1 0 0 ,1 0 0 ,1 0 0 ,2 0 0 ,3 0 0 ,7 0 0 ,8 0 0 ,9 0 0 )  LOOK 
RETURN ! IF  0 OR > 8 , RETURN
C LOOK IS  8 .  EITHER LET PLOTTER SCALE AXIS, OR SET THEM YOURSELF. 
900 TYPE 202
202 FORMAT ( '  O-NO CHANGE; 1-SCALE; 2-FORCE')
READ (5 ,3 0 ,E R R -9 0 0 )  NN
30 FORMAT ( I )
GO TO (8 0 ,612 )N N + 1  
C HERE IF  USER SETS BOUNDARIES.
40 TYPE 628
628 FORMAT ( '  ENTER BOUNDARIES: X0,DELX,Y0,DELY')
READ (5 ,9 0 ,E R R -4 0 )  AB,XDEL,ORD,YDEL 
90 FORMAT (4D )
NSGAL-0 ! AXIS SCALE FLAG OFF.
GO TO 80
C HERE IF  USER WANTS ROUTINE TO SCALE AXES.
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612 NSCAL-1 I AXES SCALED. FLAG ON,
GO TO 80
C LOOK IS  6 .  DUMP YO TO DISK .
700 WRITE ( 2 3 ,7 1 0 )  (Y 0 (K ) ,K -1 ,N )
710 FORMAT ( I X ,3D)
RETURN
C LOOK IS  5 .  CHOOSE PLOTS OR NUMBERS.
300 TYPE 510
510 FORMAT (1 X , '0 -P L 0 T ; 1-NUMBERS ' , $ )
READ ( 5 , 5 2 0 ,ERR-300)NUMPLT 
GO TO 80 
600 TYPE 530
C30 FORMAT ( '  O -A L P H (l); l - A L L ( l ) ;  2=ALPH(1&LAST); 3=ALL(l&LAST);
C 1 5 -S E T '$ )
530 FORMAT ( '  GO ' , $ )
READ (5 ,5 2 0 ,E R R -6 0 0 )  LOOK 
C WHEN GIVING NUMBERS, LET USER SELECT WHAT TO SEE.
J - 3
K -2
L -0
GO TO (6 0 5 .6 1 0 ,6 1 5 ,6 1 5 ,3 0 0 )L O O K
J - 1
K-1
GO TO 615 
605 K=1
GO TO 615 
610 J - 1
615 DO 625 I 1 - 1 , J  
IPN T-1
DO 620 1 2 - 1 ,K 
L-L+1
XNUM(L)=DLOG10(Y0( (IP N T -1  ) * 3 + l D )
IPNT-NOSP 
620 CONTINUE 
625 CONTINUE
IF  (J * K .E Q .2 )  GO TO 635 ! BR TO PRINT LOTS OF DECIMAL PLACES
TYPE 5 5 0 ,(X N U M (I) ,I -1 ,J * K )
550 FORMAT (1 X ,6 F 1 2 .5 )
RETURN
635 TYPE 555,XNUM(1),XNUM(2)
555 FORMAT (1 X ,2 F 1 5 .9 >
RETURN
C LOOK IS  7 ; PHASE SPACE GRAPH. NEGATIVE CONCENTRATION 
C REPLACED BY PREVIOUS VALUE FOR SAKE OF GRAPH, YO IS  NOT 
C CHANGED THOUGH.
800 NCNT-0 !NOTE NEGATIVE CONCENTRATIONS
DO 151 I -1 ,N 0 S P
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C H K » Y 0 ((I-1 )* 3 + 1 )
IF  (C H K .G E .O .) GO TO 141 
NCNT-NCNT+1
ZD IS( I ) - Z D I S ( l - l ) + ( - 1 )**NCNT*.0 5  
GO TO 151 
141 ZDIS(I)-D LO G 10(CH K )
C141 Z D IS(I)-C H K  ! 1 ! I I  USE THIS IF  YOU DON'T WANT LOGS.
151 CONTINUE
LOOK-2 IX-AXIS IS  SET NOW. PUT ETA ON Y AXIS.
NPH-1 I PHASE SPACE FLAG.
IF  (NCNT.EQ.O) GO TO 110 !BR IF  NO NEG CONCENTRATIONS.
TYPE 540,NCNT 
GO TO 110
C LOOK IS  4 .  PRINT X , Y AND Z GRAPHS.
200 DO 40 0  J - 1 , 3 I IF  LOOK-4, DO 3 PLOTS
LOOK-J
C LOOK IS  1 ,2  OR 3 IF  BRANCHED TO HERE.
100 Z D I S ( l ) - 0 .
NPH-4
DO 50 I - l ,N O S P -1  I  CREATE X COORDINATES
50 Z D IS (I+ 1 )-Z D IS (I)+ D X  1 (DISTANCE)
110 ICNT-ICNT+1 ! CHECK IF  PLOTTER PAGE IS  FULL.
I F  (IC N T .L T .5 ) GO TO 220
CALL RSTR(2) INEW PAGE
ACCEPT 520,IDUMMY (NEED A DUMMY READ AFTER A RSTR.
ICNT-1
220 CALL PLOT (0 R (IC N T ,1 ) ,0 R (IC N T ,2 ) , - 3 )  ISET PLOT ORIGIN.
C CREATE Y COORD FOR APPROPRIATE GRAPH. YO IS  STORED XI ,Y 1 ,Z 1 ,X 2 ,Y 2 ,, 
NCNT-0 INOTE NEGATIVE CONCENTRATIONS
DO 150 I -1 ,N 0 S P  
C H K »Y 0<(I-1)*3+L00K )
I F  (C H K .G E.O .) GO TO 140 
NCNT-NCNT+1
ZYPIC( I ) -Z Y PIC ( I - l ) + ( - 1 )**NCNT*.0 5  
GO TO 150 
140 ZYPIC( I ) -DLOGl0 ( CHK)
C140 ZY PIC(I)-CH K  ! I ! I !  USE THIS IF  YOU DON'T WANT LOGS.
150 CONTINUE
IF  (NCNT.EQ.O) GO TO 158 
TYPE 540,NCNT
540 FORMAT ( I X , I , '  NEG CONCENTRATION POINTS ON NEXT GRAPH.')
158 ZD IS(N 0SP+1)-A B ISET AXIS PARAMETERS IN  CASE SCALE NOT USED
ZDIS(N0SP+2)-XDEL 
ZYPIC( NOSP+1) -ORD 
ZYPIC( NOSP+2) -YDEL
IF  (N SC A L .E Q .l) GO TO 163 ! BR IF  SCALE
IF  (N P H .E Q .l)  GO TO 16 4  I BR IF  NO SCALE AND PHASE SPACE.
GO TO 160
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163 CALL SCALE (Z Y PIC , 3 . ,N 0 S P ,1 )
160 CALL SCALE (Z D IS , 3 . ,N O SP,1 ) 1 3 INCH X AXIS.
C PLOT
164 CALL AXIS ( 0 .  , 0 . ,LAB(LOOK) ,5 ,3  . ,  90 .0,ZY PIC (N O SP+1) ,ZYPIC(N0SP-»-2) 
1 ,2 )  ! 3 INCH Y AXIS
CALL AXIS ( 0 . ,0 . ,L A B ( N P H ) ,- 5 ,3 . ,0 . ,Z D I S ( N O S P + 1 ) ,
lZ D IS (N 0 S P + 2 ),2 )  13 INCH X AXIS
CALL LINE (Z D IS ,Z Y P IC ,N O S P ,1 , 0 , 0 )  1 DRAW GRAPH.
C CALL S Y M B 0 L (1 .5 ,3 .5 ,.1 4 ,'R U N  = ' , 0 . , 5 )  ! ADD HEADER LABELS
C CALL NUMBER ( 9 9 9 . , 9 9 9 . , .1 4 ,R N U M ,0 ., - 1 )
CALL SYMBOL ( 1 . 5 , 3 . , . 1 4 , 'TAU - ' , 0 . , 5 )
CALL NUMBER ( 9 9 9 . , 9 9 9 . , .1 4 ,T O U T ,0 ., 2 )
390 XRST— 0 R (IC N T ,1 ) I GO TO LOWER LEFT CORNER OF PLOT PAGE.
YRST— 0 R (IC N T ,2 )
CALL PLOT(XRST,YRST, - 3 )
CALL RSTR(O)
ACCEPT 520,IDUMKT ! NECESSARY DUMMÏ READ.
400 CONTINUE 
GO TO 80 
END
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ENTRY RÜNTIM 
SEARCH MONSYH 
P«17
RUNTIM;MOVEI 1 , - 5  
PUSH P ,2  
PUSH P ,3  
RÜNTM 
POP P ,3  
POP P ,2  
MOVE 0 ,1  
POPJ 1 7 ,0  
END
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C WIND.FOE
C THIS IS  A MAINLINE PROGRAM WHICH UTILIZES A DOUBLE PRECISION
C VARIANT OF ZEROS.FOR TO FIND THE ROOTS OF THE EQUATION
C G (X )* 0 . WIND MAY NEED PLOTTING PROGRAMS XONOUT AND PTCNEW.
IM PLICIT DOUBLE PRECISION (A -H ,0 -Y )
PARAMETER N O SP-250, NOSPX-252.NOSP2-5CO 
DIMENSION RT(IOO) ,ZX(NOSPX) ,ZY(NOSPX) ,ZA E(502)
COMMON Q,DUM2,R0SET,S,W,F,NFCN
C IN ITIA LIZE AND GET PARAMETERS FROM F0R21.DAT.
TYPE 50
50 FORMAT ( '  ENTER 1 I F  PLOTTER ON LINE ' , $ )
ACCEPT 3 0 ,NN 
IF  (NN.EQ.O) GO TO 62 
CALL IN IT A L (5 ,2 5 4 ,1 1 ,1 ,0 .0 )
CALL RSTR(O)
READ (5,30)IDUMMF 
62 NFCN-1
NFRST-0
REWIND 21 KF0R21.DAT SET BY PARSET)
READ (2 1 ,1 0 5 ,E R R -4 6 0 )  A ,B ,HPL,V K1,VK2,VK3,VK4,VK5,F,H0,
1 EPS,M F,D IFX ,D IFY ,D IFZ !H0, EPS, MF ARE GEAR PARAMS
105 F0R M A T(11D ,I,3D )
VK1-VK1*HPL*HPL ISET CONSTANTS FOR D IF . E Q .'S
VK2=VK2*HPL IDIFFUN & PDB GET THESE THRU COMMON PATTI
VK3=VK3*HPL
Q-2.*VK1*VK4*A/< VK2*VK3*B)
S-DSQRT( VK3*B/( VK1*A))
SR EC =1./S
CON-DSQRT( VK1*VK3*A*B)
W=VK5/C0N
DIFAL-100.*DIFX/CON 
D IFET-100.*DIFY/CON 
DIFRO-100.*DIFZ/CON
C FUNCTION 1 : FOR A VALUE OF Z GIVEN BY USER, FUNCTION 1 GIVES
C COORDINATES OF INTERSECTIONS OF THE TWO TRADE LINES.
C FUNCTION 2 :  FUNCTION 2 TELLS FOR WHAT Z VALUE THE NUMBER OF
C INTERSECTION POINTS OF THE TRADE LINES CHANGES FROM
C 3 TO 1 ,  OR VICE VERSA. THEIR IS  SOMETIMES AH
C EXTRANEOUS ROOT.
C RANGE AND NUMBER OF ITERATIONS FOR FUNC 1 & 2 HAVE DEFAULT VALUES 
C GRAPH GRAPHS TRADE LINES IN X-Y PHASE SPACE.
C LOGGR SAME GRAPH BUT LOG SCALES ON AXES.
180 TYPE 190
190 FO R M A T(/,' 1 FOR FUNC 1 , 2  FOR FUNC 2 ,  3 FOR GRAPH, 4 FOR LOGGR") 
ACCEPT 3 0 ,NFCN
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Page 100
30 FORMAT ( I )
GO TO (7 0 ,7 0 ,6 0 0 ,6 0 0 ) ,N F C N  
GO TO 180
C FUNCTIONS 1 & 2 
70 TYPE 80
80 FORMATC ENTER XSTART,XSTOP") ! SEE ZEROS BELOW.
ACCEPT 9 0 ,XSTART,XSTOP 
IF  (XSTART.NE.XSTOP) GO TO 100 
XSTART-1,000001 I DEFAULTS
X ST0P=1./Q  
90 FORMAT (4D )
100 TYPE 110
110 FORMATS ENTER NTOT,NSQUE') I SEE ZEROS BELOW
ACCEPT 120,NTOT,NSQUE 
120 F0RMAT(2I)
IF  (NTOT.NE.O) GO TO 122
NTOT-1000 I DEFAULTS
NSQUE-IOO 
122 I F  (N FCN .EQ .2) GO TO 137
C FUNCTION 1 .  NODE COORDINATES FOR A GIVEN Z .
TYPE 125
125 FORMAT ( '  ENTER RO SET -  ' , $ )  
a c c e p t  9 0 , ROSET
128 CALL ZEROS(XSTART,XSTOP, NTOT, NSQUE, RT, NRT)
I F  (N RT.N E .0 )  GO TO 145
129 TYPE 130
130 FORMAT( / , '  NO ROOTS FO U N D ',/)
GO TO 180
C FUNCTION 2 .  IF  YOU CHANGE F HERE, IT  STAYS CHANGED FOR REST OF PROG
C EQUATION FOR #  OF ROOTS OF A CUBIC OUT OF
C C .R .C . STANDARD MATHEMATICAL TABLES.
137 TYPE 138
138  FORMAT ( '  NEW F= ' , $ )
ACCEPT 90,TMP
I F  (T M P.N E .O .) F=TMP
CALL ZEROS(XSTART,XSTOP, NTOT, NSQUE, RT, NRT)
I F  (NRT.EQ.O) GO TO 129 
TYPE 155
155 FORMAT ( / , '  ROOT #  RHO V A L U E ',/)
DO 165 N«1,NRT 
165 TYPE 160 ,N ,R T (N )
GO TO 180 
145 TYPE 150
150 FORMAT( / , '  ROOT #  ALPHA VALUE ETA V A L U E ',/)
DO 170 N=1,NRT 
ETA -F*R O SET/(I.+R T( N) )
TYPE 160 ,N ,R T (N ),E T A
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160 F 0 R M A T (3 X ,I3 ,3 X ,2 (1 P E 2 2 .1 5 ,1 X ))
170 CONTINUE 
GO TO 180
C GRAPHS.
600 TYPE 620
620 FORMAT ( '  ENTER L & R S ID E S ')
ACCEPT 90 ,Z X (1),Z X (N O S P )
I F  (Z X (l).N E .Z X (N O S P )) GO TO 630 
Z X (1 )» 1 .0 1  IDEFAULTS
Z X (N O S P )-(.9 5 /Q )
630 TYPE 125
ACCEPT 9 0 , TMP 
IF  (T M P.EQ .O .) GO TO 632 
ROSET-TMP IDEFAULT
632 I F  (N FCN .EQ .3) GO TO 635  I BR IF  NOT LOG GRAPH.
ZX (1 )»ALOG10(ZX(1 ) )
ZX(NOSP)»ALOG10(ZX(NOSP))
635 D E L F -(Z X (N 0 S P )-Z X (1 ))/(N 0 S P -1 ) (DELTA FOR X AXIS
DO 605 I - l ,N O S P -1  
605 Z X (I+ 1)-Z X (I)+ D E L F  
DO 610 I - l ,N O S P  
ZXX-ZX(I)
I F  (N FCN .EQ .3) GO TO 607 
C Z A E (l) TO (2 5 0 )  HAS Y TRADE LIN E. 251 TO 500 IS  X TRADE. 
C BR IF  NORMAL GRAPH.
C CONTINUE IF  LOG GRAPH
C GET X VALUE FROM LOGX, FIND Y AND TAKE ITS LOG. 
ZXX-10.**ZXX
Z A E (l)-A L 0G 10(F *R 0S E T /(l.+ Z X X ))
TMP=(( ZXX-Q*ZXX*ZXX)/ ( ZXX-1. ) )
I F  (IM P .G T .O .) GO TO 60 8  
ZA E(N 0SP+I)=ZA E(N 0SP+I-1)
GO TO 610 
608  ZAE(NOSP+I) -ALOGl0 (TMP)
GO TO 610 
607 Z A E (I)» (F * R O S E T /(l.+ Z X X ))
ZAE( NOSP+I) - ( (ZXX-Q*ZXX*ZXX)/(ZXX-1. ) )
610 CONTINUE
C PLOT
S IZ E -3 . (SIZE  OF GRAPH AXES IN INCHES.
CALL P L O T ( 0 . ,0 , , - 3 )  ( ORIGIN
TYPE 202
C LET PROGRAM SCALE AXES, OR LET USER SET AXES SCALE.
202 FORMAT ( '  0-SAME AXIS AS BEFORE; 1-SCALE; 2-FORCE') 
ACCEPT 3 0 , NN 
NFRST-NFRST+1 
GO TO (6 1 2 ,6 2 7 )  NN
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I F  (N F R S T .E Q .l) GO TO 612 ! IF  VERY FIRST GRAPH, BR & SCALE. 
GO TO 615 ! I F  NN«0, DON'T CHANGE AXES PARAMS.
627 TYPE 628
C HERE I F  USER ENTERS AXES PARAMS.
628  FORMAT ( '  ENTER BOUNDARIES: XO,DELX,YO,DELY') IDELX IS  DELTA X. 
ACCEPT 9 0 ,ZX (N 0SP+1) ,ZX(NOSPX),ZAE(N0SP2+1) ,ZA E(50 2 )
GO TO 615 
C HERE I F  SCALE.
612 CALL SCALE(ZX, S IZ E , NOSP,1 )
CALL SCALE(ZAE, S IZ E , N 0SP2,1 )
C ZAE HAS BOTH TRADE LINES IN  IT  FOR THIS SCALING.
C ZY WILL HAVE CURVE FOR PLOT.
615 ZY(N0SP+1)-ZAE(N0SP2+1)
ZY(NOSPX)-ZAE(NOSP2+2)
I F  (N FCN .EQ .3) GO TO 655
CALL A X I S ( 0 . ,0 . , 'L O G  X ',-5 ,S IZ E ,0 .,Z X (N O S P + 1 ),Z X (N O S P X ),2 )
CALL AXIS ( 0 . , 0 . , 'L O G  Y ',5 ,S IZ E ,9 0 .0 ,Z Y (N O S P + 1 ),Z Y (N O S P X ),2 )
GO TO 658
655 CALL AXIS( 0 . , 0 . , 'X ' , - l . S I Z E , 0 . , ZX(NOSP+1) ,ZX(NOSPX),2 )
CALL AXIS (0 .,0 . , 'Y ',1 ,S IZ E ,9 0 .0 ,Z Y (N O S P + 1 ) ,Z Y ( N O S P X ) ,2 )
6 58  DO 650  1 - 0 ,1  I PLOT BOTH TRADE LIN ES.
DO 645  J-1 .N O S P  
645 ZYCJ)»ZAE(I*NOSP+J)
L IN -0 * I
CALL LINE (ZX .ZY ,N O SP,1 , L IN ,0 )
650 CONTINUE
CALL RSTRC2)
READ ( 5 ,3 0 )  IDUMMZ 
GO TO 180 
460 PAUSE 'WHERE IS  F IL E ? '
END
FUNCTION G(X)
IMPLICIT DOUBLE PRECISION (A -H .O -Z )
COMMON Q,DUM2,ROSET,S.W.F.NFCN 
GO TO ( 1 0 , 2 0 , 3 0 , 4 0 , 5 0 , 6 0 , 7 0 , 8 0 ) ,NFCN 
C IF  TRADE LINES INTERSECT, G IS  ZERO 
10 G »Q *X **3-(1 .-Q )*X **2+(F*R 0SET-1)*X -F*R O SET
RETURN
C G ZERO AT POINT WHERE TRADE LINES JUST TOUCH.
C SEE CRC STANDARD MATH TABLES FOR # OF ROOTS FOR A CUBIC.
20 P » ( Q - 1 .) /Q
Q Q -(F * X -1 .) /Q  
R— F*X/Q
A » 1 ./3 .* (3 .* Q Q -P * * 2 )
B -1 . / 2 7 . * ( 2 .* P * * 3 -9 .* P * Q Q + 2 7 .* R ) 
G » (B * 1 .E - 6 )* * 2 /4 .+ (A * 1 .E -4 )* * 3 /2 7 .
RETURN 
30 G -0 .
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RETURN 
40 G=0.
RETURN 
50 G »0.
RETURN 
60 G »0.
RETURN 
7 0 G *0•
RETURN 
80 G »0.
RETURN
END
C ZEROS.FOR COMPLIMENTS OF RICHARD J .  HAYDEN.
C THIS SUBROUTINE FINDS THE ROOTS OF THE EQUATION G (X )»0 (THE
C ZEROS OF GCX)) WHICH ARE LOCATED AT OR BETWEEN XSTART AND
C XSTOP. THE FUNCTION G(X) MUST BE WRITTEN IN  A SEPARATE
C FUNCTION SUBROUTINE. THE MAINLINE PROGRAM SENDS TO ZEROS THE
C FOLLOWING QUANTITIES :
C XSTART=START LIMIT OF INVESTIGATION RANGE
C XSTOP-STOP LIMIT OF INVESTIGATION RANGE
C NTOT-NUMBER OF DIVISIONS INTO WHICH THE INVESTIGATION
C RANGE IS  INITIALLY DIVIDED
C NSQUE=NUMBER OF SQUEEZES BY A FACTOR OF TEN AFTER
C A ROOT IS  ROUGHLY LOCATED
C THE SUBROUTINE RETURNS TO THE MAINLINE PROGRAM THE QUANTITIES:
C NRT=NUMBER OF ROOTS FOUND
C RT(N) ( N » l , 2 ,  NRT) THESE ARE THE NRT ROOTS FOUND
C BY THE SUBROUTINE. RT(N> MUST BE DIMENSIONED IN
C THE MAINLINE PROGRAM.
SUBROUTINE ZEROS(XSTART.XSTOP, NTOT, NSQUE, RT, NRT)
IMPLICIT DOUBLE PRECISION (A -H .O -Z )
DIMENSION R T (1)
A-XSTART
B“XSTOP
FNTOT=NTOT
NRT*0
DO 310 J-1,N TO T 
F J - J
X-A+( FJ - 1 . ) * ( B -A )/ FNTOT 
Y -A+FJ*(B-A)/FNTOT 
IF  (G (X )) 1 1 0 ,2 5 0 ,1 1 0  
110 I F  (G (X )*G (Y )) 1 2 0 ,3 1 0 ,3 1 0
120 DO 220 L-1,NSQUE
DO 190 K - 1 ,10 
FK-K
U » X + (F K -1 .)* (Y -X )/1 0 .
V -X + FK *(Y -X )/10 .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Page 104
IF  ( G ( ü ) )  1 8 0 * 2 7 0 ,1 8 0  
180 I F  (G (U )* G (V )) 2 0 0 ,1 9 0 ,1 9 0  
190 CONTINUE 
200 X*U 
Y*V
220 CONTINUE
S -(X + Y )/2 .
C TEST TO THROW OUT IN FIN ITIES
I F  (G (S )* G (X ))  2 3 3 ,2 3 6 ,2 3 4
233 I F  (G (S )* G (Y )) 3 1 0 ,2 3 8 ,2 3 5
234  I F  ( ( G ( S ) - G ( X ) ) /G ( X ) )  2 3 6 ,2 3 6 ,3 1 0
235 I F  ( ( G ( Y ) -G (S ) ) /G (Y ) )  3 1 0 ,2 3 6 ,2 3 6
236 R=S
GO TO 290 
238 R-Y
GO TO 290 
250 R-X
GO TO 290 
270 R-U
GO TO 290 
290 NRT-NRT+1
R I(N R T )-R  
310 CONTINUE
IF  (G (B ))  3 5 0 ,3 1 2 ,3 5 0  
312 NRT-NRT+1
RT(NRT)»B 
350 RETURN
END
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C REG.FOR
C THIS PROGRAM FOR THE OREGONÂTOR WITHOUT DIFFUSION DRAWS 
C THE REGIONS IN  F -  K (5 )  SPACE WHERE THE STEADY-STATE 
C SOLUTION IS  STABLE AND UNSTABLE.
C THE EQUATIONS USED ARE DEVELOPED BY MURRAY (SEE REFERENCES).
C J .  CHEM PHYS, V. 6 1 , NO. 9 ,  NOV 1 1 9 7 4 , PP 3 6 1 0 -3 6 1 3 .
IM PLICIT DOUBLE PRECISION (A -H ,0 -Y )
DIMENSION R T (1 0 0 ),Z F A X IS (2 5 2 ),Z K A X IS (2 5 2 )
COMMON Q,AL,ET,S,W,DUM2,NFCN
C IN IT IA LIZE  AND GET PARAMS AND COMPUTE CONSTANTS.
CALL IN ITA LC S,2 5 4 , 1 1 , 1 , 0 , 0 )
CALL RSTR(O)
READ (5,30)IDUMMT 
NFCN^l
REWIND 21 KF0R21.DAT SET BY PARSET)
READ (2 1 ,1 0 5 ,E R R -4 6 0 )  A ,B ,H PL,V K 1, VK2,VK3, VK4,VK5,DUH,H0,
1 EPS,M F,D IFX ,D IFY ,D IFZ !H 0, EPS. MF ARE GEAR PARAMS
105 F0RM A T(11D ,I,3D )
VK1»VK1*HPL*HPL ISET CONSTANTS FOR D IF . E Q .'S
VK2-VK2*HPL IDIFFUN & PDB GET THESE THRU COMMON PATTI
VK3»VK3*HPL
Q=2,*VKl*VK4*A/(VK2*VK3*B)
S»DSQRT( VK3*B/ ( VK1*A) )
S R E C -l ./S
CON-DSQRT( VK1*VK3*A*B)
W-VK5/C0N
DIFAL-100.*DIFX/CON 
D IFET-100.*DIFY /CO N  
DIFRO -100.*D IFZ/CO N
C FUNCTION 1 ,  EQ 20 IN  MURRAY'S PAPER, GIVES EXTREME VALUES 
C OF F FOR CURVE.
C FUNCTION 2 ,  EQ 22 IN  MURRAY, GIVES F VALUES FOR THE VALUE 
C OF K (5 ) IN  PARAMS.
70 TYPE 80
80 FORMAT( '  ENTER XSTART,XSTOP') I SEE ZEROS BELOW.
ACCEPT 9 0 .XSTART,XSTOP 
90 FORMAT (2D )
100 TYPE 110
110 FORMAT( '  ENTER NTOT,NSQUE') I SEE ZEROS BELOW.
ACCEPT 1 2 0 ,NTOT,NSQUE 
120 FORMAT(2 1 )
CALL ZEROS(XSTART.XSTOP, NTOT, NSQUE, RT, NRT)
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IF  (N RT,N E .0 )  GO TO 140 
TYPE 130
130 F 0 R M 4 T (/, ' NO ROOTS FOUND^,/)
GO TO 180 
140 I F  (N F C N .H E .l) GO TO 145
Z F A X IS C l)-R T (l) (SAVE FOR GRAPH.
Z F A X IS (2 5 0 )-R T (2 )
145 TYPE 150
150 FORMATC/,' ROOT #  ROOT V A L U E ',/)
DO 170 N»1,NRT 
TYPE 16 0 ,N ,R T (N )
160 F 0 R M A T (3X ,I3 ,3X ,1P E 22 .15 )
170 CONTINUE 
180 TYPE 190
190 FORMATC/,' 1 FOR FUNC 1 ,  2 FOR FUNC 2 ,  3 FOR GRAPH')
ACCEPT 30,NFCN 
30 FORMAT ( I )
GO TO < 7 0 ,7 0 ,6 0 0 ),N F C N
GO TO 180
STOP
C HERE FOR GRAPH. THE BOUNDS OF THE GRAPH HAVE ALREADY BEEN SET 
C BY THE IN ITIA L AUTO RUN THROUGH FOR FUNCTION 1 .
600 DELF-C ZFAXIS( 2 5 0 )-Z FA X IS( 1 ) ) / 2 4 9 .
DO 605 1 = 1 ,2 4 9  
605 Z F A X IS(I+1)-Z FA X IS(I)+D E L F 
DO 610 1 - 1 ,2 5 0
C THE FOLLOWING COMPUTATION FOR W IS  EQ 22 IN MURRAY'S PAPER. 
F -Z F A X IS (I)
AL-C( 1 .D O -F -Q )+ D S Q R T ((Q + F -1 ,D 0)**2+ 4.D 0*(F + 1,D O )*Q )) / ( 2 .DO*Q) 
E T -(F * A L /(1 .+ A L ))
RO-AL
E»S*ET+(1 , /S + 2 .* Q * S )* A L + 1 . /S - S
W—  . 5 /E * (E * * 2 + F * ( 1 .-A L ) ) + . 5/E*SQRT( ( E**2+F*( 1 .-A L ) )* * 2  
1 - 4 .* E * * 2 * (2 . *Q*AL**2+AL*(Q-1. ) +F) )
C PLOT
610 ZKAXIS( I ) =SQRT( VKl*VK3*A*B)*W
CALL SCALE(ZFAXIS,6 . , 2 5 0 , 1 )
CALL P L O T ( 0 . ,0 . , - 3 )
CALL A X I S ( 0 . ,0 . , 'F ', - 1 ,5 . .0 . ,Z F A X I S ( 2 5 1 ) ,Z F A X I S ( 2 5 2 ) ,2 )
CALL SCALE (ZK A X IS,5 . , 2 5 0 , 1 )
CALL AXIS ( 0 . ,0 . , 'K 5 ',2 ,5 . ,9 0 .0 ,Z K A X I S ( 2 5 1 ) ,Z K A X I S ( 2 5 2 ) ,2 )  
CALL LINE (ZFAXIS,ZKAXIS,2 5 0 , 1 , 0 , 0 )
CALL RSTR(2)
READ ( 5 ,3 0 )  IDUMMSr (DUMMÏ READ.
GO TO 180 
460 PAUSE 'WHERE IS  F IL E ? '
END
FUNCTION G (F)
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IM PLICIT DOUBLE PRECISION (A -H »0-Z )
COMMON Q,AL,ET,S,W,DUM2,NFCN 
GO TO ( 1 0 , 2 0 , 3 0 . 4 0 , 5 0 , 6 0 , 7 0 , 8 0 ) , NFCN 
C EQ. 20 IN  MURRAY FINDS EXTREMES OF F .
10 G » 2 .* Q * ( 2 .+ 3 .* F ) - ( 2 .* F + Q - 1 .) * ( ( 1 . - F - Q )
1 + S Q R T ( (1 .-F -Q )* (1 .-F -Q )+ 4 .* Q * (1 .+ F )> )
RETURN
C MAKES USE OF EQ 22 IN  MURRAY TO FIND AN F GIVEN A W ( I . E . ,  K (3 ) )  
20 A L «(( 1 .D O -F -Q )+ D S Q R T ((Q + F -1 .D 0)**2+ 4.D 0*(F + 1.D O )*Q )) / ( 2 ,DO*Q) 
E T -(F * A L /(1 .+ A L > )
RO=AL
E = S * E T + (1 ./S + 2 .* Q * S )* A L + 1 . /S -S
G— W-. 5 /E * (E * * 2 + F * (1 .-A L ) ) + . 5 /E *S Q R T ((E **2+ F *(1 .-A L ))* * 2  
1 - 4 .* E * * 2 * (2 . *Q*AL**2+AL*(Q-1. ) +F) )
RETURN 
30 G »0.
RETURN 
40 G »0.
RETURN 
50 G=0.
RETURN 
60 G -0 .
RETURN 
70 G -0 .
RETURN 
80 G -0 .
RETURN
END
C ZEROS.F4 ICOMPLIMENTS OF RICHARD J .  HAYDEN.
C THIS SUBROUTINE FINDS THE ROOTS OF THE EQUATION G (X)»0 (THE
C ZEROS OF G (X )) WHICH ARE LOCATED AT OR BETWEEN XSTART AND
C XSTOP. THE FUNCTION G(X) MUST BE WRITTEN IN  A SEPARATE
C FUNCTION SUBROUTINE. THE MAINLINE PROGBAM SENDS TO ZEROS THE
C FOLLOWING QUANTITIES :
C XSTART-START LIMIT OF INVESTIGATION RANGE
C XSTOP-STOP LIMIT OF INVESTIGATION RANGE
C NTOT-NUMBER OF DIVISIONS INTO WHICH THE INVESTIGATION
C RANGE IS  INITIALLY DIVIDED
C NSQUE-NUMBER OF SQUEEZES BY A FACTOR OF TEN AFTER
C A ROOT IS  ROUGHLY LOCATED
C THE SUBROUTINE RETURNS TO THE MAINLINE PROGRAM THE QUANTITIES:
C NRT-NUMBER OF ROOTS FOUND
C RT(N) ( N - 1 ,2 ,  NRT) THESE ARE THE NRT ROOTS FOUND
C BY THE SUBROUTINE. RT(N) MUST BE DIMENSIONED IN
C THE MAINLINE PROGRAM.
SUBROUTINE ZEROS(XSTART, XSTOP,NTOT,NSQUE,RT,NRT)
IM PLICIT DOUBLE PRECISION (A -H ,0 -Z )
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DIMENSION R T ( l)
A*XSTART
B-XSTOP
FNTOT-NTOT
NRT-0
DO 310 J«1 ,N T 0T  
F J - J
X » A + (F J-1 . )*(B -A )/FN TO T 
Y -A + F J*(B -A )/ FNTOT 
IF  (G (X >) 1 1 0 ,2 5 0 ,1 1 0  
110 I F  (G (X )*G (Y )> 1 2 0 ,3 1 0 ,3 1 0
120 DO 220 L-1,NSQUE
DO 190 K - 1 ,10 
FK-K
U «X + (F K -l. ) * ( Y - X ) /1 0 .  
V -X + F K *(Y -X )/10 .
IF  (G (D )) 1 8 0 ,2 7 0 ,1 8 0  
180 I F  (G (U )*G (V )) 2 0 0 ,1 9 0 ,1 9 0  
190 CONTINUE 
200 X-Ü 
Y-V
220 CONTINUE
S -(X + Y )/2 .
C TEST TO THROW OUT IN FIN ITIES
IF  (G (S )* G (X )) 2 3 3 ,2 3 6 ,2 3 4
233 I F  (G (S )* G (Y )) 3 1 0 ,2 3 8 ,2 3 5
2 3 4  I F  ( ( G ( S ) - G ( X ) ) /G (X ) )  2 3 6 ,2 3 6 ,3 1 0
235 I F  ( (G (Y )-G (S ) ) /G (Y > )  3 1 0 ,2 3 6 ,2 3 6
236 R-S
GO TO 290 
238 R-Y
GO TO 290 
250 R-X
GO TO 290 
270 R-U
GO TO 290 
290 NRT-NRT+1
RT(NRT)-R 
310 CONTINUE
IF  (G (B >) 3 5 0 ,3 1 2 ,3 5 0  
312 NRT-NRT+1
RT(NRT)-B 
350 RETURN
END
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C SMALL.FOR
C SMALL NEEDS L1B:1MSL/L1B PROGRAMS TOO.
C SMALL SOLVES EIGENVALUE PROBLEM TO FIND GENERAL SOLUTION TO 
C EQUATIONS, GIVING EIGENVALUE
C AND ASSOCIATED EIGENVECTORS. IT  THEN MAKES 6 X 6  BOUNDARY 
C CONDITION MATRIX, AND REPORTS ON DET VALUE FOR GIVEN LENGTHS.
C SOMETIMES THERE ARE CRITICAL LENGTHS FOR WHICH DET » 0 .
C USER THEN SUPPLIES THIS CRITICAL LENGTH AS INPUT AND PROGRAM
C SOLVES 6X6 BOUNDARY MATRIX, GIVING RATIO OF COEFFICIENTS.
C ONCE FIRST-ORDER SOLUTIONS WERE FOUND TO BE A SIMPLE COS,
C SMALL WAS REPLACED BY SMALIK.
IM PLICIT DOUBLE PR EC ISIO N (A -B ,D -H ,0-Y )
IM PLICIT COMPLEX(C)
COMPLEX A (1 0 ,1 0 ) ,B (1 0 ,1 0 ) ,E IG A (1 0 ) ,E IG B (1 0 ) ,W K (1 0 ,2 0 )  
DIMENSION L A B (13 ),C F IN (6 ),C T M P (6 )
COMMON C L A M (3 ),C Z (1 0 ,1 0 ),C K (6 )
COMMON /C D / C (6 ,6 ) ,IO R D (6 )
DATA L A B /' S Q W SREC AL ET RO ADOT EDOT RDOT 
1 DEAL DFET D FRO '/
C IN IT IA LIZE  AND GET PARAMS AND COMPUTE CONSTANTS.
REWIND 21 KF0R21.DAT SET BY PARSET)
READ (2 1 ,4 1 0 ,E R R » 4 6 0 ) A A ,BB,H PL,V K l,V K 2,V K 3,V K 4,V K 5,F,H 0,
1 EPS,M F,D IFX ,D IFY ,D IFZ !H 0, EPS, MF ARE GEAR PARAMS
410  FORM ATCIID,I,3D)
VK1=VK1*HPL*HPL
VK2“ VK2*HPL
VK3-VK3*HPL
Q=2,*VK1*VK4*AA/( VK2*VK3*BB)
S-DSQRT( VK3*BB/( VK1*AA))
S R E C -l ./S
TCON-DSQRT( VK1*VK3*AA*BB)
W-VK5/TC0N
DIFAL-100.*DIFX/TCON 
DIFET-100.*DIFY/TCON 
DIFRO-100.*DIFZ/TCON 
TYPE 5 0 0 ,L A B (1 ) ,S  
TYPE 5 0 0 ,L A B (2 ),Q  
TYPE 500 ,L A B (3).W  
TYPE 500,L A B (4),SR E C  
TYPE 500 ,L A B (11),D IF A L  
TYPE 500 ,L A B (12),D IF E T  
TYPE 500,L A B (13),D IFR O  
400  AL-C C1 ,DO-F-Q)+DSQRTC C Q + F -1 .D 0)**2+ 4 .D 0*C F + 1 .D 0)*Q )) / ( 2.D 0*Q )
ET-C F*A L/C1.+A L))
RO-AL
450 TYPE 500,LA BC5),A L 
TYPE 500,LA B C 6),ET
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TYPE 500 ,L A B (7),R O  
500 FORMAT( I X ,A 5 , ' -  ',1 P D )
GO TO 480 
460 PAUSE "WHERE IS  F IL E '
STOP
C THE NEXT SECTION USES IMSL ROUTINE EIGZC TO SOLVE THE 
C EIGENVALUE MATRIX PROBLEM. IT  PRINTS THE EIGENVALUES AND VECTORS, 
C AX = BX
480 IJO B -2  
IA=10 
IB -1 0  
IZ -1 0  
NMAT-3
DO 130 I-1,NM AT 
DO 120 J-1,NMAT 
B ( I ,J ) - C M P L X ( 0 . ,0 . )
120 CONTINUE 
130 CONTINUE
B (1 ,1 )» D IF A L /S  
B (2 ,2 )-D IF E T * S  
B (3 ,3 )»D IF R 0/W  
A (1 , 1 ) — ET-2.*Q *A L+1.
A ( 1 ,2 ) - 1 . - A L
A ( l , 3 ) - 0 .
A ( 2 , D — ET 
A ( 2 ,2 ) — (A L + 1 .)
A (2 ,3 )» F
A ( 3 , l ) - 1 .
A ( 3 ,2 ) - 0 ,
A ( 3 , 3 ) - - l .
CALL EIG Z C (A ,IA ,B ,IB ,N M A T .IJO B ,E IG A ,E IG B ,C Z ,IZ ,W K ,IN FE R ,1ER)
DO 220 J-1,NMAT 
C L A M (J)-E IG A (J)/E IG B (J)
C K (2*J-1)-C SQ R T(C L A M (J))
CK(2 * J ) — CK(2 * J - 1 )
RLAM-REALCCLAM(J) )
AILAM-AIMAGCCLAM(J))
TYPE 180,J,RLAM,AILAM  
180 FORMATC/,' LAMBDAC', 1 2 , ' ) - ( ' ,1 P E 1 4 .7 , ' , ' ,1 P E 1 4 .7 , ' ) ' )
DO 185 L - 0 ,1  
K—2*J ” 1+L
r lk - r e a l ( c k Ck ) )  
a i k - a im a g ( c k Ck ) )
185 TYPE 187,K ,R LK ,A IK
187 FORMATC' XC' . 1 2 , ' ) - C ' ,1 P E 1 4 .7 , ' , ' ,1 P E 1 4 .7  , ' ) ' )
TYPE 1 9 0 ,J  
190 FORMATC' EIGENFUNCTION # ' , I 2 )
DO 210 I«1,NMAT
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R X »R E A L (C Z (I,J))
AIX-AIMAG(CZ( I , J ) )
TYPE 2 0 0 ,I ,R X ,A IX  
200 FORMATC' X( '  , 1 2 , ' ) « (  '  ,1 P E 1 4 .7  . %  M P E 1 4 .7  .
210 CONTINUE 
220 CONTINUE
TYPE 2 3 0 , INFER 
230 FORMATC' IN F E R » ',1 5 )
P«REALCWKC1,1))
TYPE 2 3 5 ,P
23 5 FORMATC' PERFORMANCE IN D E X » ',1 P E 1 4 .7 ) ISEE EIGZC.
C NEXT PRINT OUT VALUE OF DETERMINANT FOR A GIVEN LENGTH.
10 TYPE 20
20 FORMATC' L - ' , $ )
ACCEPT 3 0 ,X
30 FORMATCE)
IF C X .F Q .8 3 .)  s t o p  183 MEANS STOP
I F  C X .EQ .85) GO TO 31 185 MEANS GO FIND C VALUES
CY-CGCX)
YREAL-REALCCY)
YIMAG-AIMAGCCY)
TYPE 40,YREAL,YIMAG 
40 FORMATC'  DETERMINANT V A L U E - ',1 P E 1 4 .7 , ', ',1 P E 1 4 . 7 , / )
C GO TO 10 I LEAVE THIS BR ACTIVE UNTIL THE 0 DETERMINANT
C I S  FOUND. THEN KILL THE BRANCH, PUT IN PROPER
C LENGTH AND PRINT OUT 6 X 6  MATRIX MATRIX WHICH
C DESCRIBES BOUNDARY CONDITIONS.
C DIAGONALIZED BY CDET.
DO 55 J - 1 , 6 
DO 54  1 - 1 ,6  
YREAL-REALCCCI, J ) )
YIMAG-AIMAGCCCl, J ) )
TYPE 57,I,J,Y REA L,Y IM A G
54 CONTINUE
57 FORMATC' C C ' . I 2 , ' , ' , I 2 , ' ) = C ' , 1 P E 1 4 . 7 , ' , ' , 1 P E 1 4 . 7 , ' ) ' )
55 TYPE 59
59 FORMAT CIX)
GO TO 10
C TINY VALUES CDUE TO NUMERICAL ERROR) IN  MATRIX SHOULD BE 
C SET TO 0  BY HAND. ONCE THAT IS  DONE, COME HERE.
C SOLVE DIAGONAL 6 X 6  BOUNDARY VALUE MATRIX FOR RATIO 
C OF CONSTANTS C.
31 PAUSE 'D ID  YOU SET 0 IN  MATRIX?'
C C 4 ,6 )-C M P L X C 0.,0 .)
C C 5 ,6 )-C C 4 ,6 )
C C 6 ,6 )-C C 4 ,6 )
DO 35 1 - 1 ,6
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35  C T M P (I)= 0 .
C T M P (6)-1 .
DO 3 8  1 - 5 , 1 , - 1  
DO 37 J - I + 1 , 6
37 C T M P (I)-C T M P (I)-C (I ,J )* C T M P (J)
3 8  C T M F (I)» C T M P (I) /C (I ,I )
DO 39  1 - 1 ,6
39  C F IN (I0 R D (I))« C T M P (I)
DO 41 1 - 1 ,6
41 TYPE 4 2 , I ,C F I N ( I )
42  FORMAT ( '  CFINC' , 1 1 , " ) = ( '1 P E 1 4 .7 , ' , '1 P E 1 4 .7 ,
99 STOP
END
C CG COMPUTES ENTRIES OF 6 X 6 MATRIX WHICH DESCRIBES 
C BOUNDARY CONDITIONS, AND THEN CALLS CDET TO FIND VALUE 
C OF DETERMINANT.
FUNCTION CG(X)
IM PLICIT COMPLEX(C)
COMMON C L A M (3 ),C Z (1 0 ,1 0 ),C K (6 )
DIMENSION C A (2 0 ,2 0 ) ,C E ( 6 ) ,C C ( 3 ,6 )
C I-C M P L X (0 .,1 .)
DO 110 J - 1 , 6 
C E (J)-C E X P (C I*C K (J)*X )
110 CONTINUE
DO 130 1 - 1 ,3  
DO 120 J - 1 , 6 
C C ( I , J ) - C Z ( I , ( J + l ) / 2 )
120 CONTINUE 
130 CONTINUE
DO 150 1 = 1 ,3  
DO 140 J - 1 , 6 
C A ( I ,J ) - C K ( J ) * C C ( I ,J )
C A ( I+ 3 ,J ) - C K ( J ) * C C ( I ,J ) * C E ( J )
140 CONTINUE 
150 CONTINUE
CALL CDET(CA,6,CVAL)
CG-CVAL
RETURN
END
SUBROUTINE CDET(CS,NSIZE,CVAL) 1COMPLIMENTS OF R . J .  HAYDEN.
C CDET DIAGONALIZES (IN  THE BEST WAY) THE MATRIX.
C IT  GIVES BACK VALUE OF DETERMINANT.
IM PLICIT COMPLEX (C )
COMMON /CD / C (6 ,6 ) ,IO R D (6 )
DIMENSION C S (2 0 ,2 0 )
DO 80 I-1 ,N S IZ E  
DO 70 J -1 ,N S IZ E
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C ( I , J ) - C S ( I , J )
70 CONTINUE
80 CONTINUE
DO 8 4  1 - 1 ,6  
84  I O R D (I ) - I  
C SIG N -1.
DO 140 K «1,N SIZ E -1  
AMAX-CABS(C(K,K))
JMAX-K
DO 90 J»K*H,NSIZE 
ATRY»CABS(C(K,J))
IF(ATRY.LE.AMAX) GO TO 90 
AMAX-ATRY 
JMAX-J 
90 CONTINUE
i f Cam ax . e q . o . )  go to  160
IF(JM A X .EQ .K ) GO TO 110 
CSIGN— CSIGH 
DO 100 I -1 ,N S IZ E  
C SA V E-C (I,K )
C (I ,K )-C (I ,JM A X )
C(I,JMAX)«CSAVE 
100 CONTINUE
ISAV»IORD(K) 
lORD(K) »IORD(JMAX)
IORD(JMAX)-ISAV 
110 DO 130 I-K + 1 ,N S IZ E  
C R » C (I ,K )/C (K ,K )
C ( I ,K ) - 0 .
DO 120 J-K + 1,N S IZ E  
C ( I , J ) - C C l ,J ) - C ( K ,J ) * C R  
120 CONTINUE 
130 CONTINUE 
140 CONTINUE
CVAL-CSIGN 
DO 150 K «1,N SIZE 
142 I F  (C A B S(C V A L ).L T .1.E 20) GO TO 144 
CVAL-CVAL/l.ElO 
TYPE 148
148 FORMAT ( '  DET VALUE HAS BEEN DECREASED') 
GO TO 142 
144 CVAL-CVAL*C(K,K)
150 CONTINUE 
155 RETURN 
160 CVAL-0.
RETURN
END
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C SMALLK.FOR
C SMALLK NEEDS L IB :IM S L /L IB  PROGRAMS TOO.
C THIS PROG IS  BASICALLY THE FIRST PART OF SHALL, WITH 
C THE FEATURE OF BEING ABLE TO CHANGE THE DIFFUSION 
C COEFFICIENTS AND THEN RUN FOR A RANGE OF F 'S .
C SMALLK SOLVES THE EIGENVALUE PROBLEM, GIVING EIGENVALUES 
C AND VECTORS. EXISTENCE OF A POSITIVE, REAL EIGENVALUE 
C INDICATES THAT A FIRST ORDER SOLUTION EXISTS.
C CRITICAL LENGTH IS  P I / ( SQRT( ElGENVALUE) ) .
IM PLICIT DOUBLE PR E C IS I0N (A -B ,D -H ,0-Y )
IM PLICIT COMPLEX(C)
COMPLEX A (1 0 ,1 0 ) ,B (1 0 ,1 0 ) ,E IG A (1 0 ) ,E IG B (1 0 ) ,W K (1 0 ,2 0 )  
DIMENSION L A B (13),C F IN (6 ),C T M P (6)
COMMON C L A M (3 ),C Z (1 0 ,1 0 ),C K (6 )
COMMON /C D / C (6 ,6 ) ,IO R D (6 )
DATA L A B /' S Q W SREC AL ET RO ADOT EDOT RDOT 
1 DFAL DFET D FRO '/
IN IT IA LIZE
REWIND 21 KF0R21.DAT SET BY PARSET)
READ (2 1 ,4 1 0 ,E R R -4 6 0 )  AA,BB,HPL,VK1,VK2,VK3,VK4,VK5,F,H0,
1 EPS,M F,D IFX ,D IFY ,D IFZ 
410 FORM ATCIID ,I,3D) 
VK1-VK1*HPL*HPL 
VK2»VK2*HPL 
VK3=VK3*HPL
Q»2.*VKl*VK4*AA/(VK2*VK3*BB) 
S-DSQRT( VK3*BB/( VKl*AA)) 
S R E C -l ./S
TCON-DSQRT( VKl*VK3*AA*BB) 
W-VK5/TC0N 
TYPE 5 0 0 ,L A B (1 ) ,S  
TYPE 5 0 0 ,L A B (2 ),Q  
TYPE 500 ,L A B (3),W  
TYPE 5 0 0 ,LAB( 4 ) , SREC 
300 TYPE 305
305 FORMAT ( '  ENTER D IF X ,Y ,Z ')  
ACCEPT 310 ,D IF X ,D IF Y ,D IF Z  
310 FORMAT (3 E )
DIFAL-100,*DIFX/TCON 
DIFET-100.*DIFY /TCO N  
DIFRO-100,*DIFZ/TCON 
TYPE 500 ,L A B (11).D IF A L  
TYPE 500 ,L A B (1 2 ),D IF E T  
TYPE 500,L A B (13),D IFR O  
DO 600 G » .4 5 , . 5 5 , . 0 1  
F-G
TYPE 6 1 5 ,F
!H 0, EPS, MF ARE GEAR PARAMS
IENTER DIFFUSION COEFS.
I ! ! I ! ! I SET F RANGE HERE M M !
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615 FORMAT ( / , '  F= ' , F 6 . 3 )
400  A L - ( ( 1 .D 0-F -Q )+ D S Q R T ((Q + F -1 .D 0)**2+ 4 .D 0*(F + 1 .D O )*Q )) / ( 2.D 0*Q )
E T -(F * A L /(1 .+ A L ))
RO-AL
C450 TYPE 500 ,L A B (5),A L
C TYPE 5 0 0 ,L A B (6 ),E T
C TYPE 500 ,L A B (7),R O
500 FORMAT( I X ,A 5 , '  = ',1 P D )
GO TO 460 
460 PAUSE 'WHERE IS  F IL E '
STOP
C USE IMSL ROUTINE EIGZC TO SOLVE THE EIGENVALUE MATRIX PROBLEM
C AX -  BX. PRINTS EIGENVALUES AND EIGENVECTORS,
480 IJ0 B « 2
IA =10 
IB -1 0  
IZ -1 0  
NMAT-3
DO 130 I-1,NMAT
DO 120 J-1,NMAT
B ( I ,J ) - C M P L X ( 0 . ,0 .)
120 CONTINUE
130 CONTINUE
B (1 ,1 )-D IF A L /S  
B (2 ,2 )= D IF E T *S  
B (3 ,3)= D IF R 0/W  
A( 1 ,1  ) — E T -2 . *Q*AL+1,
A ( 1 ,2 ) - 1 .- A L
A ( l , 3 ) = 0 .
A ( 2 , l ) — ET 
A ( 2 ,2 ) — (A L + 1 .)
A ( 2 ,3 ) - F
A ( 3 , l ) = l .
A ( 3 ,2 ) = 0 .
A ( 3 ,3 ) — 1 .
CALL E IG Z C (A ,IA ,B ,IB ,N M A T ,IJO B ,E IG A ,E IG B ,C Z ,IZ ,W K ,IN FE R ,1ER)
DO 220 J»1,NMAT
CLAM(J) = E IG A (J) /E IG B (J )
CK ( 2* J - 1 ) -C  SQRI ( CLAM ( J  ) )
CK ( 2* J  ) — CK ( 2* J - 1 )
RLAM-REAL( CLAM(J) )
AILAM-AIMAG ( CLAM( J  ) )
TYPE 180,J,RLAM,AILAM 
180 FORMAT( '  LAMBDAC' , 1 2 , ' ) - ( ' ,1 P E 1 4 .7 , ' , ' ,1 P E 1 4 .7 , ' ) ' )
220 CONTINUE 
600  CONTINUE
GO TO 300  !BR BACK IF  ALL YOU WANT IS  EIGENVALUES.
C IF  YOU WANT MORE, KILL THIS BRANCH.
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DO 185 L - 0 ,1
K -2 * J-1 + L
RLK-REAL(CK(K))
AIK=AIMAG(CK(K))
185 TYPE 187,K ,R LK ,A IK
187 FORMAT( '  K ( ' , 1 2 , ' , 1 P E 1 4 . 7 , ' , ' , 1 P E 1 4 . 7 ,
TYPE 1 9 0 ,J  
190 FORMAT( '  EIGENFUNCTION # ' , I 2 )
DO 210 I»1,NMAT 
R X -R E A L (C Z (I,J))
A IX »A IM A G (C Z (I,J))
TYPE 2 0 0 ,I ,R X ,A IX  
200 FORMAT( '  X ( ' , I 2 , ' ) = ( ' , 1 P E 1 4 . 7 , ' , ' , 1 P E 1 4 . 7 , ' ) ' )
210 CONTINUE 
C20 CONTINUE
TYPE 2 3 0 , INFER 
230 FORMATC IN F E R » ',1 5 )
P -R E A L (W K (1,D )
TYPE 2 3 5 ,P
235  FORMAT('  PERFORMANCE IN D E X « ',1 P E 1 4 .7 )
GO TO 300 
END
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C SSSOL.FOR
C SSSOL IS  HANDY FOR GETTING VALUES OF CONSTANTS FOR A SET 
C OF FARAMS. XT WILL ALSO GIVE YOU THE TIME DERIVATIVES 
C FOR STEADY-STATE VALUES AND FOR VALUES NEAR THE STEADY-STATE. 
IMPLICIT DOUBLE PR E C IS I0N (A -H ,0-Y )
DIMENSION LAB(13)
DATA L A B /' S Q W SREC AL ET RO ADOT EDOT RDOT 
1 DFAL DFET DFRO '/
100 REWIND 21 !(F0R21.DA T SET BY PARSET)
READ (2 1 ,1 1 0 ,E R R -4 6 0 )  A ,B ,H PL,V K 1,V K 2,V K 3,V K 4,V K 5,F,H 0,
1 EPS,M F,D IFX ,D IFY ,D IFZ !H 0, EPS, MF ARE GEAR PARAMS
110 F0R M A T(11D ,I,3D )
VK1-VK1*HPL*HPL ISET CONSTANTS FOR DI F .  E Q .'S
VK2»VK2*HPL
VK3-VK3*HPL
FF=F
Q -2 . *VK1*VK4*A/( VK2*VK3*B)
S»DSQRT(VK3*B/(VK1*A))
S R E C -l ./S
CON»DSQRT( VK1*VK3*A*B)
W-VK5/C0N
DIFAL»100.*DIFX/CON 
D IFET-100.*D IFY /CO N  
DIFRO“ 100.*D IF2/CO N  
TYPE 5 0 0 ,L A B (1 ) ,S  
TYPE 5 0 0 ,L A B (2 ),Q  
TYPE 500 ,L A B (3),W  
TYPE 500,L A B (4),SR E C  
TYPE 500 ,L A B (11),D IF A L  
TYPE 5 0 0 ,L A B (12),D IF E T  
TYPE 500,L A B (13),D IFR O  
400 A L=(( 1 .D 0-F F -Q )+ D S Q R T ((Q + F F -1 .D 0)**2+ 4.D 0*(F F + 1.D O )*Q )) / ( 2 .DO*Q)
E T = (F F *A L /(1 .+ A L ))
RO-AL
450 TYPE 5 0 0 ,L A B (5),A L  
TYPE 5 0 0 ,L A B (6 ),E T  
TYPE 500 ,LAB(7) ,RO 
500 FORMAT( I X ,A 5 , '  »  ',1 P D )
430 FORMAT(IX'ALPHA- ' E 1 0 . 4 , '  ETA- ' E l O . 4 , '  RHO- 'E 1 0 .4 )
ADOT=S*(ET+AL*(-ET+1.-Q*AL))
EDOT-SREC*(-ET*(1 . +AL) +FF*RO)
RDOT=W*(AL-RO)
TYPE 500,LA B(8),AD O T 
TYPE 5 0 0 ,LAB(9),EDOT 
TYPE 500,LA B(10),RD O T 
TYPE 550 
550 FORMAT ( '  ADD TO EACH')
ACCEPT 580,A IN C ,EIN C ,R IN C
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580 FORMAT (3D ) 
AL-AL+Â1NC 
ET=ET+EINC 
RO-RO+RINC 
GO TO 450 
600 STOP
460 PAUSE 'WHERE IS  F IL E ' 
GO TO 600 
END
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